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CHAPTER I

Introduction

The general initial value problem in the theory of ordinary
differential equations may be defined as the problem of determining the

values of the m dependent variables y(J)

+j=0,...,m=1 corresponding to
some desired value of the independent variable, t , subject to 1) the

ordinary differential equation

m
-1
9~% z y(m) = f(t,y.y(t)....,y(m )) (1.1)
dt
and 2) a specified set of initial conditions to' yo(to). y(i)(to).....

(m-1)(t°). The m dependent variables may be p-dimensional vectors,

and hence, (1.1) may be a p-dimensional vzcter differential equation.
The state vector of the initial value problem is defined to consist of
the m dependent variables; whereas, (1.1) is referred to as a dif-
ferential equation of order m . The right-hand side of (1.1),

f(t.y.y(1).....y(m")

), is referred to as the function. The 1initial
value problem is solved when the state corresponding to some desired
value of the independent variable is determined. A numerical integra-
tion method which solves (1,1) directly, i.e., without reducing (1.1)

to a set of first order differential equations, is referred to as a

Class m integration method.
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The initial value problem freguently occurs in science and
engineering. One particular application of the initial value problem
which is of interest is the satellite orbit problem. The ordinary dif-
ferential equations which describe the motion of a satellite acted upon
by gravitational and nongravitational forces are given by Newton's

Second Law

2—

e F@ L L g e e
dt r
= Ty (1.2)
where = gravitational constant (defined as the product of
the universal constant of gravitation, G , and the
mass, M , of the primary body)the primary body
r = the position vector of the satellite
r=z|lrell
F(l) = the velocity vector of the satellite
g = vector of gravitational forces
n = vector of nongravitational forces

Equation (1.2) is a second-order, nonlinear, ordinary differential
equation where the function E(F.t) is a smooth, periodic function
representing the forcec of gravity acting upon the satellite. The
nongravitational contribution may be discontinuous, e.g., entry and
exit of the satellite into a planet's shadow will suddenly affect the

solar radiation pressure force.
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There are mary numerical techniques available for solving an
initial value, ordinary differential equation, and each numerical
method has a limiting degree of accuracy associated with it. The
selection of a particular numerical method is subject to the accuracy
and cost of using the numerical method, where the cost is usually meas-

ured in terms of computer time,

The numerical integration techniques may be divided into two
categories: single-step methods and multistep methods. Single-step
methods require only the value of the state at one value of the
independent variable in order to advance the solution to another value
of the independent variable. Multistep methods generally require
values of the state or values of the function at more than one value of
the independent variable in order to advance the solution. The values
of the dependent variable or function, f , that are used to advance the
solution are determined at values of the independent variable which are
referred to as the nodes. The stepsizes used to determine the spacing
between the nodes comprise the mesh sequence. Both techniques require
the evaluation of the function, f , with values of the dependent vari-

ables which correspond to various values of the independent variable.

Equation (1.2) may be reduced from a set of second-order
ordinary differential equations to a set of first-order equations, thus
allowing the option of integrating (1.2) with a Class I or a Class 1II
method. However, Krogh (1970) and Solis (1975) indicate that (1.2) may
be integrated more efficiently with a Class II method than with a Class

I method. Since f is a well-behaved, periodic function when
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gravitational forces are dominant, multistep methods are generally more
efficient than single~-step methods from an accuracy versus number of
function evaluations point of view. Lambert (1973) discusses some of
the advantages and disadvantages of using a multistep method instead of

a single-step method.

Unlike fixed-order/fixed—-mesh multistep integrators,
variable~order/variable-mesh methods estimate the 1local truncation
error at each node of the integration in order to satisfy specified
tolerances. Thus, if a variable-step/variable-mesh integrator uses
approximately a constant stepsize and order, then a fixed-order/fixed-
mesh integrator should require fewer computations to integrate the same
problem with comparable accuracy. For the satellite problem as
described by (1.2), the fixed-order/fixed-mesh integrators may have a
significant advantage over variable-mesh/variable-order integrators in
the amount of computations required, particularly if the orbital eccen-

tricity is small.

The most common algorithm for solving the satellite problem
with a multistep integrator is the PECE algorithm. In the PECE algo-
rithm, the solution at tJ is extrapolated, or predicted (P), forward

to tj¢1 . The predicted solution at ¢t is used to evaluate (E)

Ja
the function, T . Using this evaluation, the extrapolated solution is
corrected (C), and a second evaluation (E) of T 1is made with the
corrected solution at tj‘1 . Other multistep algorithms 1include the
PE(CE)" and P(EC)" algorithms where n indicates the number of times

the steps in parenthesis are applied. However, Krogh (1970) notes that
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for satellite orbits with small eccentricities, the Class II/PECE
methods are more efficient than Class II/PEC methods or C(Class I/PECE

methods.

It is common in the literature to refer to all Class II, mul-
tistep formulations as Cowell methods and to refer to Class I methods
as Adams methods. However, at least three distinct Class II methods
and two distinct Class I methods are available, To avoid any ambigui-
ties, the terminology of Mersman (1965) will be adopted in which the
Class II methods are referred to as the general, second-sum, and
Stormer-Cowell formulations, while the Class I methods are referred to

as the Adams-Bashforth-Moulton and the first-sum formulations.

The purpose of this report is to examine the use of two Class
II/fixed-mesh/fixed-order/multistep integration packages of the PECE
type for the numerical integration of (1.2). These two methods are
referred to as the general and the second-sum formulations., Chapter II
discusses the derivation of the basic equations which characterize each
formulation and discusses the role of the basic equations in the PECE
algorithm. Chapter III discusses possible starting procedures which
may be used to supply the initial set of values required by the fixed-
mesh/multistep integrators. 1In Chapter IV, the results of the general
and second-sum integrators are compared to the results of various

fixed-step and variable-step integrators.
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CHAPTER 1I

PECE Algorithms for the General and

Second-Sum Formulations

In this chapter, two fixed-mesh/multistep PECE algou, ithmn ar-~
develope’ for the numerical integration of second-order, initial value,
ordinary differential equations represented by (1.1). These two formu-
lations are the general and the second-sum formulations. The basic

assumptions in developing these fixed-mesh/multistep integrators are:

1) the value of the state vector (y(tn). y(1)(tn)) and the value of

(1)
JQyJOyJ

Jan,n-1,...,n-1+1, are known at 1 distinct nodes where f{ represents

t are known; 2) the function values = f(t

n fJ )

the right-hand side of (1.1), and 3) the nodes, tJ ,» associated with
the values f are known and satisfy the condition t

3 3%t

where j=n,n-1,...,n-i+1 and h s a con-tant ste-size. The first

+ h,

assumption is satisfied by definition of the iniv. .1 value problem.
The second and third are assumed to be satisfied by appropriate values

supplied from some starting procedure (see Chapter III).

The development of the PECE algorithm begins by deriving the
basic equations for each of the formulations. The basic equations
developed in Sections II.! and I1.2 are used to extrapolate or interpo-
late the state at t from the state at t; by the proper choice of

coefficients. 1If the value of t {3 between t“ and ¢t i.e.,

n=-{+1 '
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. nodes tJ and function f(t,y,y

t -t L=t
-1+1
.ﬂm«—hn i+1 ”ntf" , then the basic equations interpolate the state

at t ., and if the value of t 1is not between tn and ¢t then

n-i+1
thr basic equations extrapolate the state at t . Using the extrapola-
tion and interpolation capabilities of the basic equations, the PECE

algorithms are determined. A discussion of some modificiations made

available by the use of back differences concludes the development of

the PECE algorithms in this chapter.

I11.1 General Formulation

The solution of the second-order ordinary differential equa-

tion given by

y(2) = f(t..)’-Y(”)
is
(1) 1 (1)
y=y,+ hyn + ft f f{x,y,y “)dx dx1 (2.1)
t o
n
L
y(j) 3 y(1) + ) t(x.y.y(’))dx (2.2)

n
n

In most applications, the function f cannot be readily integrated by
analytical means. Thus, f can be replaced by an aspproximating func-
tion which represents it to some specified degree of accuracy. The

derivation of the general formuletion algorithm uses the available

(‘)) to form a polynceial P(t) which

is assumed to yield fJ when evaluated at t, . Hence,
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f(t,y,y
The polynomi

P(t) =

where g{ ]

g[xl.x2

and the degr

criterion,

(1)

) = P(t) = P(t,t ,t f
n'’n

P TRTTRL Y JRTU S

al, P(t) , may be written in divided difference form as

fn + (t-tn)g[fn.rn_1] +oeee 4 (:-t,n)(t-t.n_1)

(t-t )8l f ] 12.3)

a1 Tnoga

is the divided difference operator which is defined by

g[x1.....xn_1]-g[x2.....xn]

LN ] x :
* 1 ] n] x _x
1 n

ee of the polynomial is (i-1). Imposing the fixed-mesh

the divided differences may be written as back differences,

and the polyncmial, P(t) , becomes

P(t) =

where

(t-tn) (t-tn)...(t—t

vf ® ecee & n—i’Z) 1“1
n

fn * - 7 Tq

n_ 1ln

(1-1)t h

1 §-1
2 YJ (t) vt (2.4)
J=1

y . (t-tn)-.o(t-tn_.”z)

J (3-1)1 p3!

' J=2,3,...001

and where the back difference operctor, V1 s 18 defined by

Vosz

J J=1 J=1
fk and ¥ fk sV fk -V tk-‘

J
z 3 (-1)"® - J
et x4n<éc>

RET——



where (J> are binomial ¢ «fficients.

\m

Using (2.4), it follows that (2.1) and (2.2) become

b i .
1 -
Y=y + hy(1) + ft i S y.(x) V9 ! f dx dx (2.5)
n n A, | n 1
t. o J=
n
m_m ot L 31
y =y + 2 Y, Ny f dx . (2.6)
n 5 j n
tn j=1

Since only the coefficients, Yj , are a function of the independent

variable, (2.5) and (2.6) may be rewritten as

(t ) = sy any M2 3 vy (2.7)
Y4 = Yner = ¥ Yn * 71 321 Jar n :
(1) RO 1 -1
y (tn+r) *Yper ¥, * hy j§1 Bj.r v fn (2.8)
where
1 54 (shI)(shI+h)...(shI+(j-2)h)
o . [ g ds ds,
' o o (j~1)t h
1 (s;)(s.+h)...(sh +(j-2)h)
BJ r- / L1 jf1 ds
! o (j=1)!' h
for j =2,3,...4
1 t-t“
al,r = B1.r =1, 8= —E;- . hI = tn r-tn and tn+ = tn + rh,

As defined by Shampine and Gordon, basic equations which use i nodes
are of order 1 ; thus, Equations (2.7) and (2.8) are defined to be

order i .

-
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Equations (2.7) and (2.8) are the hncin equations for solving
a second-order ordinary differential equation using the general formu-
lation. Equation (2.8) can be used for solving a first-order ordinary
differential equation. Krogh (1970) and Shampine and Gordon (1975)
discuss the idea of extending the set of basic equations to solve dif-

ferential equations of order greater than two.

Equations (2.7) and (2.8) show that the problem of evaluating
the integrals of (2.1) and (2.2) has been reduced to a problem of
evaluating the coefficients, a and B . Shampine and Gordon (1975)
present the derivation of the algorithm that is used to evaluate the
coefficients for a variable-mesh/multistep algorithm. The algorithm
for calculating fixed-mesh coefficients is a simplification of the

variable-mesh coefficient algorithm and is presented in Appendix A.

It should be noted that even though (2.7) and (2.8) are writ-
ten in terms of the back differences, they may also be written expli-

citly in terms of the function values as

i

- (M) 2 s
Yner  ¥n * Pp¥n ot Mg 321 aj.r fn+1-J (2.9)
(M _ ; 8" ¢ (2.10)
Yner = Yo+ D01 jop o Tnely |

where
i

L j=-1 q
a, = (=1) 2 (\_1) a
Jor =5 \J q.r
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Thus, the basic equations of the general formulation may be written in
terms of back differences as in (2.7) and (2.8) or in terms of function

values as in (2.9) and (2.10).

I1.2 Second-Sum Formulation

In order to obtain the basic equations for the second-sum
formulation, certain operators and relationships are required. The

necessary operators are:

1. the back difference operator, V , where Vk+1fn = ka - ka

2. the shift operator, E , where Ekfn s f(tn*kh). and

3. the differential operator, D , where

r
Dr = a and x(1) =

dt dtz

al%
n
o

As shown by Hildebrand (1974), the above operators satisfy the follow-

ing relationships:

-hD 1

e =1 -V=E (2.12)
and
p! - h (2.13)
S 1In(1-Y) ¢

The use of the V operator implies that the stepsize h {is a con-

-



stant.

The derivation of the basic equations begins by making use of
the three operators above and the relationships from (2.11), (2.12) and

(2.13). From (2.12), we may write

Yo, = ¥, = (-1 7%y (2.14)
(V) _ s (1) _ -s (1)
nes = E Y, = (1-V) Y, . (2.15)

Using equations (2.11) and (2.13), we find that

_=2.(2) -h_]2
n - D Yp [1n(1-V{j fn (2.16)
(1) _ =1.(2) _ -h
Yn =D yn = [TH?T:‘S]fn . (2.17)

By combining (2,14) and (2.15) with (2.16) and (2.17), we obtain the

following relationships

. - -s =h 2
y(tn+sh) * Ynes (1-v) [1n(1-V)] f

-3
n® [—i‘:l)———] £ (2.18)

(1n(1-7))°

"

1) _ LM -s -h
y (tn*Sh) * Ynes (1-v) [ 1n(1-) ] f

: h [ -(1-9)* ]r (2.19)
- 1In(1-V) n '
By expanding the terms in the brackets of (2.18) and (2.19) in an

infinite series, i.e.,

Q)3 J
SESLD IR N L (2.20)
(In(1-7))2  jemp o800
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it follows that (2.18) and (2.19) may be rewritten as

o
- K J
Ypes =0 2 Ay S VL, (2.22)
j==2
(1) < »
Yo.s = h ‘_21 by s van (2.23)
3=-
The coefficients aJ s and bJ s are defined in terms of s by
L] L]

expanding the 1left-hand sides of (2.20) and (2.21) in an infinite
series in V and comparing the coefficients of the different powers of
the V operator. Derivation of the recursive algorithm used to calcu-
late the coefficients is cumbersome and is discussed by Spier (1971)
and Velez and Maury (1970). The algorithm used to generate the coeffi-

cients for the fixed-step second-sum formulation is summarized in

Appendix B, It should be noted that the coefficients a8, A4
and b 1 are such that
- 's
3_2.3 = b—1,s = 1
a—i.s = s-1
"or all s . Thus, (2.22) and (2.23) may be rewritten as
z h2 V'Zf - (1=-8) V"f + 131 a VJf (2.24)
Ynes © n n 420 .8 n :
i-1
(1) -1 J
= \Y v
Ynes h [ fn + Jgo bJ.s fn ] (2.25)
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where the surmation terms have been truncated to include the first i
terms. Equations (Z.24) and (2.25) are said to be of order 1 . In
(2.24) and (2.25), the terms V—1fn and V-2f“ are referred to as the
first and second terms, respectively. The first and second terms

satisfy the following relationships,
Ve =V ¢ + f (2.26)
VTor = VTer + V' f (2.27)

from the definition of the back difference operator. It should be
noted that only (2.25) is required to solve a first-order ordinary dif-

ferential equation.

Ry using function values instead of back difference, (2.24%)

and (2.25) may be rewritten as

i i-1
_ .2 -2 -1 »
Yoes = h LV f - (1-s)V f.+ 350 ay 9 fn—J] (2.28)
~ 1-1
(1) -1 *
Yoos =0 |V £, ¢ J?o by s ooy ] (2.29)
i =
where
-1
Y Ly q
s (-1) qEJ (J-1\) 8 5
i-1
LS q
Pia s CDT 2 (.‘M) by -
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I1.3 Relationships Between the General and Second-Sum Coefficients

To illustrate the relationship between the coefficients of
the general formulation and second-sum formulation coefficients, each

set of basic equations for extrapolating the solution one step is

presented and compared. To predict the solution at tn+1 from tn ’
the general formulation basic equations are
vy w2 3 o, W (2.30)
Yne1 = ¥y Yn 3=1 AR n '
(M M, s g i (2.31)
yn+1 - yn J-1 j‘1 n . .

The form of the basic equations for the second-sum formulation that

predict the solution at tn+1 from tn are

i
2 -2 3-1
Y1 =h [v £+ Ja TR Y fn] (2.32)
(| n| v'e ; b gd-1¢ (2.33)
Ynet © n' j=1 J=1.1 n :

and that interpolate the solution at tn from tn are

1
Yy ® h [v"zrn - v”rn + 28, OV‘an] (2.34)
J=1 '
1
g e n [v“rn + 3 by oV ] (2.35)
=1 T

From (2.31), it follows that
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i
() J-1
| = h g. . Wr (2.36)
Ynet J§1 AR n
Using (2.33) and (2.35), we find
w'') o n ;_ (b -b ywle
Ynet © o §=1,0 n
and comparing this equation to (2.36), we also find
Bj-1 s bj-1,1 - bj—1,0 z Vbj_1'1 . (2.37)
Mersman (1965) has shown that, in general, VbJ_1 1° bJ ,

Thus, (2.37) becomes

3.1 J.1

or

Similarly, by forming the back difference vyn*1 for each formulation

and comparing coefficients, we also find that

"

b

@59 % 85-1,0 7 #3510 7 51,0

Vaj_1.1 - bj-—l.O . (2.38)

Mersman (1965) has also shown that Vak_1 1 2

. l‘ '

Thus, (2.38) may

be written as

a = a

3,1 % 23,1 7 Pye1,0

and
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a

J.k

jok b3-1.0

II.4 Development of the PECE Algorithm Equations

and t

J 14

The fixed-mesh, PECE algorithm assumes that the

condition t

f = f(t'yiy

the extrapolation property of the basic equations,

-

(1))

for Jj=n,n-1,..

=t, + h, and that if t, vy

J

., N-i4+1

for the general formulation are

1
y( )

O /

n

+ hyﬁ1) +h

i
Y“’ +h 2 B

i
(1)
Yn

2

1

+h 2
J=

are known, that ¢
(1)

can be calculated.

yd-lg

J.8

n

*
1 By,s fa-jot

and for the second-sum formulation are

()
yP

h

= h V-1f + ;
n

2

-

v—2

) -1 ®
v fn + (s-1 NV fn + 2 a

J=

-1 i
fn + (s-1)V fn + 3

b
y J-h.s

i

J=1

and y

J-1
j=1 aj-1.s v tn

J-1,s fn-—j+1

vd-l¢ ]
n

-

1

values f

—
~

b

satisfies the
are known, then
The PECE algorithm is based upon

The basic equations

(2.39)

(2.40)

(2.41)
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v s (2.42
= h 3 rn + ? bj-1'" An . )
where s = p-n.

The prediction step of the PECE algorithm is an extrapolation

of the solution from t to t . By setting s=1 in (2.39) through

n+1
(1)
(2.42), the predicted solution at t:“+1 , 1.e,, Pyt and nel * is
given by the general form of the basic equations as
(1 2 ! Vj-1
Pher = ¥p * hyn +h 2 aj 1 f.n
=1 7
+h(1)+h2 ; G' f (2.43)
=Yp t Wp e B SE .
i
(1) (1) w-1
P =y +h 3 B f
n+l n =1 3. n
= y“) + h ; 8. 1 f 1 (2.44)
n 321 3, n-Jj+
and by the second-sum form of the basic equations as
Poyt n | v3 ; 2, 1 w1
ne n J=1 J- . n
:he |v2 . ; ¢ £ (2.45)
- n 35-1,1 “n-ga1 *
J=1
i i
(1) -1 J=1 W
= v wor
Prat = 0 ] fo * le b.1--1.1 n -
s S - (2.46)
: fn® e 51,1 Tn-ger .
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’
Using the values for ¢t p and )

. the first
n+1 n+1

(1)
n+1)

n+1 °'

. P _
evaluation of the PECE algorithm is given by fn+1 = f(tn+1.pn+1.p

s
A new set of back differences, ijn*1 .
*

fn¢1-j are formed at t

or function evaluations,

. The new set of back differences are

n+1
defined by
o 4 _ P
v fn+1 = f.r1+1
. 31,0 -1
\7"rn+1 = e - R B O

and the new set of function c¢valuations are defined

#
- ¢P
fn+1 - rn+1
»
fJ s fj' J=n,n=1,...,n=i+1 |

With the inclusion of fﬁ+1 , there are i+1 back differences or func-
tion evaluations available to approximate the function f . The new

polynomial approximation of f now spans from t to t

n-i+1 n+l

instead of tn-i+1 to tn .

(1)

The predicted solution, nel

and p s is corrected by

(1)
extrapolating the solution at tn , L.e., Yn and Yo , to tn+1 Ly

Pn+1

use of the new polynomial order 1 . The basic equations give the

corrected solution as

i+
- (1) 2 J-1,
Yoot Z¥p thY, "+ R Jfl 05.0 v fnet
i+1
(1) 2 . .
=y, + hyn +h 331 uJ.o rnoz-j (2.47)
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(1) _ (1) L g,
nel * ¥y * B J§1 *j0 f e
f+1

(M » .
=Y, *h 151 8J.o fn+2-—j

for the general formulation and

ch?| Vi -v'r . i§1 a RT
Yne1 © n L J=1,0
- i+t . .
= h2 szf -V 1f + 2 a S
! R ogay dTeo Tmel-]

-

i1+1
() _ -1 J-1,9
NCERN AR S ]

n+1 n n+1
L J
[ i+1
-1 . .
= \Y
h fa* 2 %500 Tne-y ]
L J=1

for tl.z second-sum formulation.

Tne second evaluation of the PECE algorithm is made by using

~he corrected solution, i.e.,

(2))

f = r(tnwl' Yne1® Ynet?

n+l

The back differences are updated by the for nulas

-1 -1
VJ'n+1 - v L v foo Jleeend

and the first and second sums sre updsted by

1 o
v tn¢1 i rn * rnol

20

(2.u8)

n+1]

] (2.49)

(2.50)

- —— o —_— o -



V'2f = V’zf . V”1f
n+1i n n+l

I1.5 A Modification to the PECE Algorithm

The use of back differences instead of function evaluations
in the PECE algorithm allows for a simplification of the correction
formulas., The simplification will be demonstrated here as it applies
to the general formulation, but it may also be applied to the second-
sum formulation. The process of propagating the back differences {is
also discussed in this section in order to complement the use of the

back difference form of the PECE algorithm,

Equation (2.3) states the approximation of the function f
as a polynomial in t and using 1 nodes and i function evalua-
tions. In divided difference notation, the polynomial approximation of

f was given as
P(t) = fn + (t-tn)g[fn.fn_1] * e

+ (-t .. (t-tn-hz)s[fn.fnd'""rn-iﬂl (2.51)

where gl ] is the divided difference cperator. The general formula-
tion basic equation was derived by writing (2.51) with back differences

i
P(t) = 3

3-1
o1 Vg0 99 . (2.52)

Y

and integrating the coefficients, YJ(t) , from tn to t .
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Equation (2,51) rerrrr-~*s the polynomial used in the predic-
tion step of the PECE algorithr. The polynomial used in the correctior
step of the algorithm uses the 1 nodes and 1 functicn evaluations
used 1in the predicting step and an additional function evaulation and

¢P and t . The polynomial that incorporates the i+1

node, nel nel

nodes and i+1 function evaluations may be written as

]
P (t)

L ]
+

(t‘tn)g[fn,fn‘jl * oo

+

(t-tn)’..(t-tn—i+2)8[fn'fn-1'...'r ]

n-i+1

p
s (et )bt OBIE L e, )

P
P(t) + (t_tn)"'(t-tn-i+1)g[fn""'fn-1+1'rn+1] (2.53)

Equation (2.53) represents the polynomial used in the correction step

of the PECE algorithm. The corrected solution is given by the calculus

solution
t X
- (1 net 1 @
Yoe1 = Yp * DY, ¢ / [ P (x)dx dx, (2.58)
t o
n
(1 | (1), ner e
Ypo1 2 Yn ¢ [ P (x)dx (2.55)
t
n

Using (2.53) with (2.54) and (2.55), we find
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(1) tn+1 x1
sy +hy o+ [ P(x)dx dx

y
n+1 n . A 1
n
n+1 X1 i p
+ / Yi+1(x)7 £ 4% dx,
t o)
n
i, 2 A P
=P * h Yi+1'1 . fn+1 (2.56)
t t
(1 _ (1) n+1 n+1 ip
Yne1 = Yy * It P(x)dx + ft Y () VLD dx
n n
(@D i
netl ¥ h Bi+1,1 v fxr)1+1 (2.5
where
ip L
vieP o P s VT (2.58)
n+1 n+l j=1 n

Equations (2.56) and (2.57) represent the correction formulas that
would be wused in place of (2.47) and (2.48) for the general formula-
tion. Similarly, for the second-sum formulation, (2.43) and (2.50)

could be replaced by

- 2 ip
Ynelt = Ppyy * B 8441,1 Vot (2.59)
(m _ (1) P
Ynet = Pnat * P Py vifn+1 (2.60)

One advantage of (2.56) and (2.57) is that, instead of 2i,
only i+1 coefficients are needed to predict and correct the solution.
Thus, (i-1) fewer multiplicrctions per step are required. The addi-
tional computations required to form Vif:*1 and for propagating the

back differences from tn to tn+1 are a possible disadvantage to
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(2.56) and (2.57) However, th2 propagation of the back differences may
take advantage of the intermediate calculations resulting from the cal-

culation of V'fP By retaining the intermediate sums,

n+t

resulting from the evaluation of (2.58), the back differences at tn+1

are then calculated from

The modified PECE algorithm is given in Appendix C for the general for-

mulation and in Appendix D for the second-sum formulation.

I1.6 Notes and Comments

The algorithm discussed in this chapter is for a PECE mul-
tistep 1integrator with a predictor of order i and a corrector of
order i+1 . The PECE algorithm is one of a family of algorithms in
which corrector formulas and the function evaluation using the
corrected solution may be applied any number of times. This family of
algorithms 1is represented by PE(CE)n and P(EC)". The choice of algo-
rithm to be used to solve a given problem is discussed by Shampine and

Gordon (1975) and Krogh (1970).

The order of the correcting formula is generally chosen to be
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of the same order or one higher order than the predicting for~nla. The
decision of which order to use for the corrector is dependent on the
differential =quation to be solved and on the order of the predictor.
Considerations for selection of the corrector order are discussed by

Shampine and Gordon (1975) and Krognh (1970).

The fixed-mesh/multistep algorithm advances the solution in

intervals of the stepsize, h , of the independent variable t . How-

ever, the solution may be desired for some value of t , e.g., tJ '
such that tj is between two nodes. The solution at tj is found by
advancing the solution until tJ is bounded by two oi' the nodes. If
the nodes range from t to t such that

n n-i+1

Ity = to_gal 2 It; =t 1, the solution at 't is interpolated by

using r = 8 = j-n 1in the basic equations.

The problem of obtaining the initial set of function evalua-
tions for the PECE algorithm is di{scussed in Chapter III. The general
and second-sum algorithms discussed in this chapter are compared to the

other numerical integration packages in Chapter IV,
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CHAPTER III

Starting Methods

As discussed in Section II.4, a multistep numerical integra-
tion algorithm of order i assumes that i function evaluations and
i nodes are known. The initial values of the nodes and function
evaluations are found by application of an appropriate starting pro-

cedure. A starting procedure has only the initial conditions, to .

y and y(‘l) y(2) 1)

o ° , and the differential equation,

= f(t,y,y ),
available to calculate the values of the nodes and to evaluate the
function. Some of the various starting algorithms, which can be used
with multistep integrators, include 1) the bootistrap method, 2) the
iterative method and 3) the use of a single-step integrator. This
chapter begins by discussing the starting procedures for the Class 1II
fixed-mesh/fixed-order multistep integration packages using the general
and second-sum algorithms described in the previous chapter. The
chapter concludes by detailing a proposed starting procedure for the
Class II/fixed-mesh/fixed-order/multistep integration packages which

are the emphasis of this report.

26
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III.1 Summary of Starting Alporithms

The bootstrap starter begins with a first-order ba.ic equa-

tion and increases the order as the solution is advanced one node at a
time. By using the initial conditions, the first function evalua. ur

is made, f = f(to’yo'yi1)) . The solution is extended to t., =t + h

by using a first-ordei basic equation, =2.g., i=1 in (2.39) and (2.40)

or in (2.41) and (2.42). With the predicted solution at t.1 , another

function evaluation is made, f1 = f(t1.p1.p$1)

of the basic equation is employed and an additional function evaluation

) . The correction form

is made with the corrected solution at ¢t to complete the PECE algo-

1
rithm at t1 . Now, with two function evaluations available, the solu-
tion is advanced to t2 by application of the PECE algorithm for
i=2 . In this manner of bootstrapping, the solutior is advanced until
the required number of function evaluations are known. This starting
procedure is generally performed with variable-step/variable-order mul-
tistep integrators in which the local truncation error is estimated

after each step in order to determine if the step is acceptable and to

determine the next stepsize or order to use.

A single-step numerical integrator, e.g., a Runge-Kutta
method, may be used to generate the required function evaluations. By
using the single-step integrator to advance the solution from one node
to the next, the solution at the nodes is obtained and the function

evaluations are calculated and stored.
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An iterative starter assumes that a first approximation of

the required function evaluations has been made by means of a bootstrap
method, by use of a single-step integrator, by a Taylor series expan-
sion or by any other suitable procedure. Once the first approximations
have been provided, the basic equation is used to interpolate the solu-
tion at each of the nodes, and a second set of function evaluations is
calculated. The second set of function evaluations is used with the
basic equation to interpolate the solutions at the nodes again and a
third set of function evaluations is calculated. The iterative method
proceeds in this manner until some termination criteria is satisfied.
The criteria may be a certain number of iterations, or it may depend
upon the difference between the solutions of two consecutive itera-
tions. Once a criterion is sati-fied, the required function evalua-

tions are known,

II1.2 The Central Iterative Starting Algorithm

Two important criteria were considered in selecting a start-
ing procedure for the general and second-sum packages of this report.
The first criteria fo.- “he starting procedure was to generate a set of
function evaluations and nodes wit™ -~<mect to the initial conditions
which can be used to interpolate the initial conditions exactly.
Secondly, a starting procedure should be consistent with the interpola-
tion scheme of the integrator. The interpolation scheme chosen for use
in the fixed-step/fixed-order integrators of this report requires that

the solution be advanced far enough that the point at which the

3
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interpolation is to be performed is approximately midway between the
extreme nodes. This scheme helps to reduce discentinuities in the
interpolation when the solution is advanced from one node to the next
node. The starting procedure used in the general and second-sum
integration packages described in this report is a central, iterative

starting procedure.

Backward or forward iterative starting procedures are such

that the initial set of nodes span the interval to to t or the

1-1
interval to to ti-1 . However, = central starting procedure selects
the end nodes such that the initial conditions lie at a node approxi-
mately midway between the end nodes. With the initial conditions at
to » the end nodes will be at tj and tq » where q = integer (%)
and jJ =q-1+ 1, Thus, the central starting method will have

advanced the solution to tq and will return the function evaluations

at the nodes tk; k=q,q-1,...,9-1+1 .,

As mentioned above, one important requirement for the start-
ing procedure is that the solution at tq and the function evaluations
must be consistent with the initial conditions. For the general formu~

lation using back differences, this imposes the condition that

i
< _ (1) 22 -1 .
Yo *Yq - 9Y " +qh k2 % q f (3.1)
i
(1) (1) gd-1
y, "=y, -qn 2 B f . (3.2)
o q J=1 j!-q q

The solution at any of the nodes used in the starting procedure is
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given by
(1) 22 1 -1
= k-q)h ¥y K- h . .
Y yq + (k-q) )q + (k-q) jz1 aj,k fq (3.3)
(1 (1) 1 -1
. - s v A
Yy yq + (k-g)h 2 Bj,k fq (3.4)

J-1
for k=q,q-1,...,q-i+1.

The interpolation formulas for the central iterative starter may be
found by using (3.1), (3.2), (3.3) and (3.4) to obtain

(M

yk = yo * khyo
+ 0l ; (q-k)2a - a2,  + kq B gd-T¢
J=1( % kg 7%, 9 J.-q) q
(3.5)
y(” =y o ; B + (k-q)B yd-1¢ (3.6)
i Y 1o ( Joma b VP k q '

k=q,q=1,...,q~1+1,

Equations (3.5) and (3.6) use the initial conditions at to and the
back differences at tq to interpolate the solution at the nodes.

Equations (3.5) and (3.6) will always satisfy the initial conditions.

The initial values of the function evaluations are generated

by using the Taylor series expansions
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Yy ¥, ¢ khy:") + kzhzf‘u
yé1) =z yé1) + kh fo

fo = f(to.yo.yé1))

fk = f(tk.yk.yi1))

to approximate the solution at the nodes in order to evaluate the func-

tion f(t,y.y(l)

) . Using the initial values of the function evalua-
tions, the iterative procedure uses (3.5) and (3.6) to find the final,

required set of function evaluations.

Since the function f 15 assumed to be smooth and continu-
ous, the solutions at the nodes during the iterative procedure are
assumed to converge upon a trajectory. The final trajectory, the accu-
racy of the trajectory and the number of iterations required to con-
verge on the trajectory are a function of the stepsize h , the order
i and the function f . The starting algorithm employed by the gen-
eral and second-sum packages measures the convergence of the solution
by calculating the relative norm of the difference between two succes-
sive solutions at tq . If zJ is defined to be a vector composed of
the dependent variables y and y(1) at t = tq on the jth itera-

tion, then the relative norm, u , of the difference between two suc-

cessive iterations at t is defined to bdbe
usz |[z]]

where, for k =z 1,...,2n,

Cam ke — -

7%
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and n is defined to be the number of elements in each of the vectors
y and y(1) . The solution at tq is assumed to contain the greatest
error and to be the slowest converging solution at any of the nodes

because tq is generally the furtherest node from to .

Equations (3.5) and (3.6) are the equations used in a start-
ing procedure with the initlal conditions at to . This notation does
not lend itself to simple application in a computer program. Appen-
dices E and F give the general and second-sum equations equivalent to
(3.5) and (3.6), but where the initial conditions are at tn and the
end nodes are at t and t

n n-1+1

tn-i#l . It should be noted that the use of (3.5) and (3.6) depends

upon the calculation of a special set of coefficients; however, the

where ¢t is between ¢t and
m n

calculation of the coefficients require 1little effort and are only

required for the starting procedures,
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CHAPTER IV

Comparisons and Results

The evaluation of the general and second-sum fixed-
mesh/fixed-order Class II multistep integrators was carried out in two
phases. The first phase compared the performances of the general and
the second-sum integrators to the performances of four Class I integra-
tors and two Class II integrators in solving a selected group of dif-
ferential equations with periodic solutions. The second phase compared
the transverse errors of these integrators for two typical satellite
problems with the following gravitational force models. 1) a spherical
earth modeled as a point mass and 2) a non-spherical earth modeled by
an eleventh degree and order spherical harmonic geopotential. The
rezults of the first and second phases are discussed in Sections 1IV.1

and IV.2, respectively.

Three forms of the fixed-mesh/fixed-order Class 11 multistep
integrators were adopted in this investigation. The general formula-
tion of the Class II integrator package, referred to as KSGFS, used the
back difference form of the PECE algorithm. Two forms of the second-
sum formulation were used. The first second-sum package, referred to
as SSFSBD, used back differences while the other second-sum package,
referred to as SSFSFE, used the function evaluation form of the PECE

algorithm,

33
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The recults of the g¢eneral and the second-sum Class II
integrators are comrared with three documented integration packages and
two undocumented integration packages. The documented software pack-
ages were ODE by Shampine and Gordon (1975), KROGH by F. T. Krogh
(1970) and RK(7)8 as derived by Fehlberg (1968) and applied by McKenzie
and Sepehnoori (1978). It should be noted that KROGH may be used as a
Class I, Class II or a combination of both Class I and Class II
integrators, To distinguish between the first two of these modes, the
Class I form and the Class II form of KROGH will be referred to as
KROGH1 and KROGH2, respectively. The undocumented packages were ABFS
and RKNT(8). ABFS is the Class I equivalent of KSGFS. RKN7(8) 1is a
variable~step Runge-Kutta-Nystrom integrator used for the solution of a
general ordinary differential equation of Class II, The coefficients

for RKN7(8) were derived and published by Fehlberg (1974),.

All computer work was carried out on a CDC Cyber 170/750 com-
puter using the FTN compiler at the University of Texas at Austin under
the UT2D overating system. The Cyber 170 computer utilizes a 60-bit
word; 12 bits are used for the sign and exponent, and 48 bits are used

for the mantissa which results in about 14 decimal digits of accuracy.

IV.1 Integrator C-mparisons for Differential Equations

with Periodic Solutions

The first phase of the evaluation of KSGFS, SSFSBD and SSFSFE

consisted of comparing their results with those from ODE, KROGH1,
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KROGH2, ABFS, RK(7)8 and RKNT7(8) for the solution of five sets of dif-
ferential equations that have periodic solutions. The differential

equations and results are discussed in Sections II,1.1 through 1I.1,5,

The comparisons of the integrators for this phase was accom-
plished by using the software package COMPAR.* COMPAR allows the user
to plot the efficiency curves for each integrator or combinations of
integrators. The efficiency curves are defined as the endpoint error
versus the number of function evaluations required, endpcint error
versus the amount of central processor time required, the maximum glo-
bal error versus the number of function evaluations and the maximum
global error versus the amount of central processor time. The global
error at each step is defined as

xc(i)-xr(i) ]

GE = Maximum B | , 1=1,...,n
J

whers n 1is the number of elements in the state vector «x , ;c is the
state vector calculated by the integrator, ;T is the reference solu-
tion and b is the maximum (xr(i).1.). The endpoint error is the glo-
bal error at the final point of the integration interval. By varying
the tolerances, the efficiency curves of the variable-step integrators
could be determined. To obtain the efficiency curves for ABFS, KSGFS,
SSFSBD and SSPSFE, several computer runs were made to determine the

optimum order for each integrator on each problem. By using the

* COMPAR was developed at the Department of Aerospace Engineering and

Engineering Mechanics, The University of Texas at Austin, by
Richard McKenzie. COMPAR is used to compare one cr more
integrators, each at one or more tolerances, for solving a set of
differential equations.



16

optimum orders and varying the stepsize, the afficiency curves for the
fixed-mesh/fixed-order integrators can be found. It should be noted
that the starting procedures for ABFS, KSGFS, SSFSBD and SSFSFE we.

allowed to converge the relative error norr (see Chapter III) as far as

possible. Generally, the relative error norm was reduced to zero.

Table iV.1.1 through IV.1.5 are -<ummaries of the results from
COMPAR for each of the five problems discussed in Sections IV.1.1
through IV.1.5. The first two columns of these tables are 1labelled
either ABSERR and RELERR or ITER and NORDER. For tha variable-step
integrators, ABSERR and RELERR are the absolute anJd relative error
tolerances to be used by each integrator. For the fixed-mesh multistep
integrators, ITER represents the maximum number of iterations to be
used in the starting procedure, and NORDER represents the order of the
integration formula to be used. The next three columns in the tables
are labelled NFE, NSTPA and NSTPR and are the tot 1 number of function
evaluations made, the total r:mber of accepted steps by each integrator
and “he total number of steps rejected by RK(7)8 or RKN7(8). The two
columns labelled CP-TIME and OVHD indicate the amount of central pro-
cessor time used by each integrator for each set of ABSERR and RELERR
tolerances, CP-TIME is the total amount of central ;rocessor time used
by the integrator and the derivative evaluation rcutines, while OVHD is
the overhead or the CP-TIME excluding the time spent in pertorming

derivative evaluations. The remaining colimns are self-explanatory.

The problems discussed in Sections IV.1.2 through IV.1.5 were
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suggested by Shampine and Gordon (1975), These four problems have non-
linear differential equatior.s and "give a good indication of how the
codes perform on problems of celestial mechanics."** The harmonic
oscillator problem of Section IV.1.1 has the same analytic solution as
the circular two-body problem of Section IV.1.2 put has a set of linear
differenti1al equations. The elliptic two-body problem of Section
IV.1.3 has the same set of differential equations as the circular two-
body problem but has a different analytical solutio... The Euler
rigid-body problem of Section IV.1.4 has a Jacobian elliptic function
as the solution. The restricted three-body problem of SectionlIV.1.5
does not have an analytical solution and presents a case of rapidly

changing derivatives near the close approaches.

IV.1.1 Harmonic Oscillator Problem

The harmonic oscillator problem may be modeled by the set of

first-order differential equations

dx,
dat = X2
axp

t ° ™%

or by the second-order differential equation

## Shampine and Gordon (1975), page 242.
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With the initi~) ~onditions x,(0)=0.0 and x,(0)=1.0 , the analvtical
1 [

slution is given by

x1(t) sin(t)

xz(t) = cos(t)
which has a period of 2n .

Several computer runs were made with the integration interval
ranging from 0.0 to 27, 0,0 to 12n and 0.0 to 20n. By varying the
stepsize from 0.5 to 0.3 for these three intervals, the optimum orders
for the fixed-mesh/fixed-order multistep integrators were determined to

be 8 for ABFS, 15 for KSGFS and 11 for SSFSBD and SSFSFE.

The efficiency curves for this problem were determined for
the integration interval of 0.0 to 20n. The efficiency curves for the
variable-step integrators RK(7)8, RKN7(8), ODE, KROGH1 and KROGH2 are
shown in Figures 1IV.1.1a through 1IV.1,1d. Figures IV.1,1le through
IV.1.1th show the efficiency curves for ABFS, KSGFS, SSFSBD and SSFSFE
relative to those of ODE, KROGH1 and KROGH2. Figures IV.1.1i through
IV.1.11 show the efficiency curves of ABFS, KSGFS, SSFSBD and SSFSFE
relative to those for RK(7)8 and RKN7(8). A summary of these results

are given in Table IV.1,.1,

IV.1.2 Circular Problem of Two Bodies

The circular problem of two bodies may be modeled in two

dimensions by the set of first-order differential equations
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INTECRATION MFTROD

ABSERR RFT¥RR

1.00E-04 1.vue-12
1.00€E-06 1.00E-12
1.00E-08 1.00E-12
1.00L-10 1.00k-12
1.00E-11 1.00E-13
}.00E-12 1.00E-13
1.00E-13 1.00E-14

INTEGRATLION METHOD.

RKN 7(8)

NFE NSTPA NSTPR NSTPT

AVERAGE

STEP S1ZE CP - TIME

1.745E+00
B8.976E-01
5.193E-01
2.964E-01
2.220E-01
1.662E-01
1.252E-01

AVERAGE
STEP SIZE

END FOINT
ERROR

.262E-12

END POINT
ERROR

MAX MM
GLOBAL
ERROR

MINIMUM
STEP SI1ZE

.000E-02

MINIMUM
STEP Slzt

45

MAX IMUM
STEP S1ZE

2.308E+00
1.116E+00
7.044E-01
4.178E-0}
3.133E-01
2.461E-01
1.938E-01

MAX IMUM
STEP SIZE

ABSERR  RELERR
1.00E-04 1.00E-12
1.00E-06 1.00E-12
i .00E-08 1.00E-12
1.00E-10 1.00E-12
1.00E-11 1.00E-13
1.00E-12 1.00E-13
1.0vE-13 1.00E-14

INTEGRATION METHOD:

ABSERR  RELERR
1 .00E-04 1.00E-12
1.00E-06 1.00E-12
1.00E-08 1.00E-12
1.00E-10 1.00E-12
1.00E-11 1.00E-13
1.00E-12 1.00E-13
1.00E-13 1.00E-14
INTEGRATION METHOD:

CO0OO0OOOO
[=J
g
o

NSTPR NSTPT

1.496E+00
8.378£-01
4 .760E-01
2.697E-01
2.027¢-01
1.536E-01
1.237€-01

AVERAGE

STEP SIZE CP - TIME
.07300
.10900
.16500
.22400
.29000
.32000
.45000

3.510€-01
2.435E-01
1.745E-01
1.247€-01
9.817E-02
9.434E-02
6.607E-02

AVERAGE
STEP SIZt

.6)9E-11
.000E-11
166E~12

END POINT
ERROR

2,794E-0)
1.958E-05
2.7198-07
3.969E-09
5.762E-11
&.769E-11
2.843E-11

.639E-11
.000E-11
.838E-12

MAXIMUM
GLOBAL
ERROR

2.784E-03
1.964E-05
2.679£-07
3.949E-09
1.906E-07
7.500E-07
5.534E-07

MAX I MUM
GLOBAL

2.000E-02
2.000E-02
2.000E-02
2.000E-02
2.000E-02
2.000£-02
2.000E-02

MINIMUM
STEP SIZE

2.500E-03
2.500E-04
2.500E-05
2.500E-06
1.906E-07
2.500E-0/
1.906E-08

MINIMUN
STEP Sizt

1.661E+00
8.925¢-01
& .986E-01
2.800£-01
2.098L-01
1.586E-01
1.2628-01

MAX IMUM
STEP SIZE

6.400E-01
2.560E-01
2.048E-01
1.638E-01
1.036E-01
1.311e-01
1.3432-01

MAX 1MUM
STEP S12¢

ABSERR  RELERR
1.00E-04 1.00E-12
1.00£-06 1.00E-12
1 .00E-08 1.00E-12
1.00E-10 1.00E-12
1.00E-11 1.00E-1)
1.00E-12 1.00E-1)
1.002-13 1.00E-14

INTEGRATION METHOD:

ABSERR  RELERR

463E-01
423E-02
.588K-02

AVERAGE
STEP 811K

1.400E-05%
5.177E-08
3.465E-11
6.814E-12
6.5792-12
1.852€-11
2.114E-11

END UINT

2.488E-05
S.716E-08
5.802€-11
6.7368-12
6.499E-12
1.851e-11
6.104E-07

RAX It
GLOBAL

1.000E-02
1.250e-03
7.813E-05%
9.766E-06
2.441E-06
1.2212-06
3.052e-07

MININUM

6.400£-01
3.200£-01
1.6002-01
1.600£-01
1.600E-01
1.600E-01
8.0008-02

MAX INUN
STEP S12K

1.00E-04 1.00E-12
1 .00E-06 1.00E-12
1.00E-08 1.00E-12
1.00%-10 1.00K-12
1.008-11 1.00E-1)
1.002-12 1.00K-13
1.008-1) 1.00K-14

482 36
976 70
1600 121
2157 212
3680 283
5006 378
6592 502
RK(7)8
NFE NSTPA
547 42
976 15
171710
030 233
4032 310
5319 409
6606 508
oDE
NFE NSTPA
359 179
s17 258
721 360
1009 504
1281 640
1333 666
1903 951
KROGH2
NFE NSTPA
390 203
422 246
19 418
829 427
823 429
1467 746
1616 828
KROGH1
NFE NSTPA
s 2
810 4l4
827 422
1584 800
1600 809
1632 8);
1639 834

2.964E2-01
1.518E-01
1.4891-01
7.854E8-02
1.7672-02
7.561£-02
7.5348-02

Table IV.1l.1

COMPAR Summary of Statistics for the
Harmonic Oscillator Problem

35051
16582
.35567

3.466E-04
5.165E-08
4.0962-08
5.2538-11
1.9948-11
2.1632-11
2.150K-11

3.A24E-04
3.134E-08
4.079E-08
5.250E-11
1.988E-11
2.15%6E-11
6.1042-07

1.000K-02
1.23502-0)
7.813E-0%
9.766E-06
2.041E-06
1.2218-06
3.0528-07

3.2002-01
1.6002-01
1.600e2-01
1.600e2-01
1.6008-01
8.000E-02
8.0008-02
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INTRCRATION METHOD

.S0E«Q!
.50F+0]
.50%+01
.50E+01
.30E+0]
.50E+01
.S0E+Q1

INTEGRATION METHOD

INTEGRATION METHOD:

ITER

.50E+01
.50E+01
.S50E+01
.30E+0!
.S0E+01
.50E+01
.50E+01

ORDFR

8.00E+00
8.00E+00
8.00E+00
8.00E+00
8.GOE«00
8.00E+00
8.00E+00

1.50E+01
1.50€¢01
1.50E+01
1.50E+0]
1.50E+01
1.50£+01
1.50E+0}

ABFS

NSTPR/

NFE NSTPA NSTPR NSTPT

NSTPR/
NSTPT

AVERAGE
STEP SI1ZE CP - TIME

END POINT
ERROR

9./02E-12
4.951E-09
}.679E-08
1.893E-07
2.509E-06
1.854E-05
2.888E-02

END POINT
ERROR

6.762E-14
1.161E-13
6.610E-14
6.191E-14
6.727€-13
J.1r8z-11
6.428€-10

END POINT
ERROR

HAXIMUM
GLOBAL
ERROR

'
H
2.999¢E-02

MAX I MUM
GLOBAL
ERROK

A37E-11

HINIMUM
STEP SIZE

.000E-01

MINIMUM
STEP SIZE

$.000F-02
1.000¢E-01
1.250€-01
1.5%500£-01
2.000E-01
2.500E-01
3.000K-01

MINIMUM
STEP SIZE

MAMIM,
STEP SI1ZE

.000E+00
L250E400
.500E«00

MAX | MUM
STEP SIZE

4 N0CE-0)
8.000£-01
1.0007+00
1.200£+00
1.600E+00
2.000E+00
2.409E+00

MAX IMUM
STEP SI1ZE

INTEGRATION METHOD-

.50E+01
LSOE+0}
.50€+01
L5UFe01L
.50£+01
.3CE+01
.S0E+01

.S0Es01
.50E+01
.30€+01}
.30E+01
L5080}
.S0E«01
.50E+01

1.10E+0!
1.10E+0}
1.10E+0}
1.10€+01
1.10€+0]
1.10E+01
1.10Ke01)

1.102+01
1.10E01
1.10E+0}
1.10E2+0)
1. 10E+0}
1.10€+01
1.10E+0)

2609 1256
1369 628
117 502
965 418
113 e
655 251
595 209
KSGFS
NFE NSTPA
2633 1256
1392 628
11%s 302
987 418
809 34
683 251
614 209
SSFSBD
NFE NSTPA
2990 1256
‘s 628
t104 502
936 418
139 )4
624 231
551 209
SSFSFE

NFE NSTPA NSTPR

23590 1256
1345 628
1104 502
936 413
139 3
624 251
351 201

COoOOo000O0OO

NSTPT

$.003E-02 20500
1.001E-01 .11100
1.252€-01 08750
1.503E-01 .07700
2.001E-01 .0%650
2.503E-0] .05600
3.0062-0) .04800
AVERAGE
STEP SIZE CP - TIME
5.003E-0 .23800
1.001e-01 . 146400
1.25%2£-01 .11200
1.503¢e-01 .11200
2.001E 01 .09700
2.503¢-01 .08700
).0062-01 .07600
AVERAGE
STEP SIZE CP - TIME
$.0032-02 .22200
1.001£-01 .11200
1.252¢-01 L0960
1.503¢-01 .08000
2.001e-01 .06800
2.503e-01 .05200
3.0062-01 .05000
AVERACE
STEP SIZE CP - TIME
$.0032-02 .22300
1.001£-01 11200
1.2%22-01 .094%0
1.%032-01 .08600
1.001E-01 -0625%0
2.5032-01 .05600
3.006E-01 .05600

Table IV,1,1

COMPAR Summary of Statistics for the
Harmonic Oscillator Problem

.18718
.08301
0707
.06%83
04657
.042%5
.0hAL2

.1548-09

END POLINT
ERROR

1.5762-13
1.1042-13
1.1742-13
1.596£-13
7.206E-12
1.646E-10

.144E-09

MAX TMUN
GLOBAL
ERROR

.991e-1)
.63%E-13
2728-1)
.988E-1)
6.915E-12
1.611E-10

5.000€-02
1.000E-01
1.250£-0)
1.500£-01
2.000£-01
2.500E-01
).000g-01

MINIMUM
STEP S1zZE

5 .000E-02
1.000E-01
1.250£-01
1.300z-01
2.000L-01
2.5002-01

2.154C-09 2.144L-09 3.000L-01

)

6.000E-01
1.500€-01
9.000E-01
1.200E+00
1.500E+00
1.800E+00

MAX IMUM
STEP $12L

3.000e-01
6.000C-01
1.s500z-01
$.0002-01
1.2008+00
1.500E+00
1.800L+00
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or by the set of seccnd-order differential equations

X dx

\

|

l
[
"

1

In

L8]

'
w
N
w

dt r dt r

where r2 = xf + x5 . For the initial conditions x1(0) = 1.0,

x2(0) = 0.0, x,(0) =0.0, xu(O) = 1.0, the analytic solution is

3
given by:
x1(t) = cos(t)
xz(t) = nin(t)
x3(t) = -sin(t)
xu(t) = cos(t) .

The circular two-body orbit is shown in Figure IV.1.2a along with an

elliptic two-body orbit of eccentricity 0.6.

By varying the firal time of integration to 2m, 121 and 20m,
the optimum orders for ABFS, KSGFS, SSFSBD and SSFSFE were found to be
8, 13, 11, 11, respectively, for a range of stepsizes of 0.1 to 0.35.
The efficiency curves for the variable-step integrators ODE, RK(7)8,
RKN7(8), KRGH1 and KROGH2 are shown in Figures IV.1.2b through IV.1.2e.
The efficiency curvés for ABFS, KSGFS, SSFSBD and SSFSFE relative to

those for ODE, KROGH1 and KROGHZ are shown in Figures 1IV,1.2f through
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-1.20
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Figure 1IV.1.2a

Circular (e=0.) and Elliptic (e=.6)
Two Body Orbits

—— P —-—




e

49

WLl d)
09°0 09 '0

waTqoad Apog om]l 1BTNDII) 3Y3l 10 SIAIN) Aouat21334
d pue q Z°T°Al saandyg

)

0SL 242
ovbm\

[~
[=]
o

00 "00t
A

(1)

01® SNOI1UNTIYA3 WOILINNI

00 °09
-

oo.m%

oo.m.

00°02
4.

“T"YYTT‘ Y

IN30UN +————
THIOUY B—-eo—4
00 »——u-—xu

(LI WY o————
ML whd —0——

TTo

g0t {-01 z-01 01 y_01 g_Ol g0t .01 g_U1 g_0lg-0%g;-01

WHYON d0YH3 INIOd ON3

130N g
20N ———a——=8
300 »——vgp—yu
NN >———
thr L ey o—o—e

WHON HOYH3 INIOd ON3

‘!



50

wd1qo1d Apog om}] IBINIIT) 3yl 10y saAan) ADUIEIT3I33
@ pue p Z°T°Al sain3yg

® (P)

3WIL 42 0S¢ 303 . LIm SNOTLIUNTYAT NOTLIMNS
001 08°0 09 G ov'0 0z°0 00°0 ..Qo nat 0008 00 ‘09 oo .mv 00 .WN 00 “W

i

b

01 g0l .01 g 1 g-01 L-U‘ 8-0‘ 5-0‘0[-0‘!;—51

HOHY3 HB0TD WAKIXUKW
HOHY3 HB019 RNAWIXEK

Looun
2008 ——o——=a
e

il vy
9L N O

twoon +—e—— //

06 ——o— -
LI
(9L Wy o———o——3

B ARG MRanse LULESE Lushin AREN AALRES AR prvm‘r""j'"’""}

o0t {-0l 2.0l ¢_01,.01 g-Ul 9.0t ;.08 ¢-01 g-0lgy-0Yy;.01

o0t 1-Cl g



51

e o

00

T

watqoag Apog oMl IBINOIT) 9Y3l I0J SIAIN) ADUITOITIIH
8 pue 3 z°1°AI saan3yg

(3) 3

uzuhmuomnuou
08°0 03°0 0¥ ‘0

i

(O1* GNOILYNTEAT NOTLINNS
0Z°0 00" 00°0sZ  00°00Z  00°0S!  00°001 00 °0S

1

o

1

THOOUN
ZHOOMN
08S48S
0883566
$496
S48y
o

00°0
" |

HWHON HOYH3 INJOd ON3

PR S

-0 ¢-01 9-3‘ 5-3! 9-31 L-J‘ 3-3‘ 6-0lo1 E‘H-E‘zr-s‘st-3

2-01 ¢-01 ».01 g-01 9-01 ;01 g0l g-01p;-Olyy-0lz;-Olgy-01
WHON HOYY3 INIDJ ON3



v s

etk AW T

-8

Fm7T'1 Y"v“’? “rﬂ"Y 'FW"1' r"'n‘ r“““ r"’”" rYTTn1 TWTWW 'r“" r'""ﬂ
o
DOON~
e hely
xelhne?
TfCadunng x -
@
L I s
w
b =
) —
o
' L o
o0
o
wn
o~
-
3 Fa
o
(8]
— [
- ~
L — . L
- L o
- . ‘“4;/4.
il N,_4v~—‘"'_’J'f
o
[=]
iAE LLASS LuRie Uuialh Liiale Llhie Liinge Laake LRES Liaase o]
1-01 2-01 g-01 p-01 g.01 g.01 .01 g 0l g.01gy-0¥;(-01zy-01

HOHY3 HE0 19 WAWIXUW

WWWWTTTHYT“WT TN“T‘I ‘Tll‘lﬂ T"FMYTY'F"’TT‘F“ T""Pm'?"‘l

T

250. 00

200. 00

T

150. 00

100. 00

UNCTION EVRLUATIONS m=iQ’

50. 00

0.00

-

W’WVWTW i ]
1-00 2.01 ¢. O .01 ¢-01 z=C% ;.01 g-01! G‘b‘ul‘m‘ 121-0t
HO0HY3 HB0TD WNWI XYW

(1)

(h)

Figures IV.1.2 h and 1

Efficiency Curves for the Circular Two Rody Problem



53

waTqold Apog om] IeTNJAT) @Yl 103 s3aaan) LOUI3FO¥3IF
1 pue [ Z'T°AI s2an814

&) {9
i 3WTL lu 0sL 302 . . «Oﬂl SNDILIUNTEAI NOILIONNS
ce'o *9°0 o- 2e 0 910 G0 0 _ oo on 00 "08 00 "0 00 "02 00°0

—_ e -— 4 -— .- . rn 2 il =

g t

o -

£ - L

5 - o

3 2 3
£ “~ h.n3 .mul_
_r. e Z z
. r Lo -0

o o

- s = s
. \// 0_ a nﬂ N
y - .bvNA o
- el m = S =
: T~ &m m
. A Wl o] w - D
.. =] i ©

- \ ' oy b o
. / \ mL » <O
£ * - B >

»~ i | 3 WN
s N / F mquw 3 HZ
3 ~OLY keZ Y KeE
S - A\ eT HHF e— “ e

t 5458

i CANEN Ak \ - 4N A—a—a W\ * ....\.

== NS i == \ L ES

4 181¢ Naw »—e——@ - 1L Wy &——o—e -

m : :

0 ¢

& “

4 i 1  — - n.w i . 2 i /( -

) »

AR s =



~T
"

wayqoad Apog om] OT13ua90F Yl 103 saa: ) LJulafoTIiy
@ pue 1 g '1°Al $2an314

©
(-]
o

t

Olgy-011y-01

HOUH3 680719 WNWIXEW

v ?ﬂmmﬂ'w‘r’m

01 g-01 (.01 01 g

(w) (1)
INIL 43 0SL 20D O1® SNOTL1YNTHAI NODILOINNS
L8°0 ¥3°0 ey 0 2e°0 91 °0 00°0 0o "oo1 0o "0@ .G 09 00 "C¥ 00 ‘0z
- —— e e i - . y A ). o ’ A — A — i i 3
U
Y
m WO
L
Wk
L
J m.:muun
, > !
i A.u_bu o/
- =X
b / s E /
i =) w
v \ i m 55 X
5 \ &
W " i o @
m ~ ) »P b n_u._m A
i / m.m m
z \ E a3 /
i \ -
h Ces 456 B——u—a . / (=] 035456 »—o—a
o U456 B—a—u - 095455 w——w—u
= L 425N a——a——a O8N — A——a
m. ts80 2——8—2= / mm $40¢8 —» —« /
H Bill Ny »o———w \ ' L) M o————w
o 181L Ny o—e—e \ L@ (DL x4 o—— . A\
ml ,.M m //
£ m o
M‘ 1 L 4 A A hand 4 A A A, A
U

1-01 2-01 ¢.01 3.0l ¢.



INTRGRATION MElpOD

ABSERR

RELERR

NSTPR/
NSTPR NSTEH

INTEGRATION METHOD.

ABSERR

RELERR

NSTPR/
NSTPR NSTPT

AVERACGE
TP SIZE

CP - TIME

END POINT
ERROR

HAXTMUM
GLOBAL
ERROR

MIAIMUM
STEP SIZE

55

MAX TMUN
STEP SIZE

1.186E+00
7.060E-01
4.054E-01
2.3192~01
1 740E-01
1.309E-01
9.833E-02

AVERAGE
STEP SIZE

32600
.43800
.58300
.17300

CP ~ TIME

2.352E-02
9.599€-04
2.169€-0%
4 .1B0UE-07
$.668E-08
7.646E-09
1.051E-09

END POINT
ERROR

2.3°2E-02
9.599E-04
2.169E-05
4 .180E-07
5 .668E-08
7.646E-09
1.051€-09

MAX 1 MUM
GLOBAL
ERROR

2.000€-02
2.000E-02
2.000E~02
2,000E-02
2.000E-02
2.000E~02
2.000E~02

MINIMUM
STEP SI1ZE

1.334E¢00
7.502£-01
4.261E-01
2.40%E-0]
1.805£-01
1.355E-01
1.017€-01

MAX I MUM
STEP SIZE

.00¢- 3

INTEGRATION METHOD:

ABSERR

RELERR

Coo00O0OOC
(=3
(=4
S
(=3
<

NSTPR/
NSTPR NSTPT

8.976E-01
5.512£-01
3.206E-01
1.821£-01
1.369E-01
1.037E-01
8.1355E-02

AVERAGE
STEP SIZE

CP - TIME

6.770E-02
8.121E-04
5.697E-06
3.573E-08
2.861E-09
2.424E-10
2.829E-11

ERROR

.000E-02

MINIMUNM
STEP SIZE

1.001E+00
5.808E-01
3.138E-01
1.884E-01
1.414E-01
1.068E£-01
8.507e-02

MAX IMUM
STEP SIZE

INTEGRATION METHOD:

ABSERR

RELERR

NSTPR NSTPT

-531E-02

AVERAGE
STEP SI1ZE

CP - TIME

END POIAT
ERROR

3.083E-01
3.167E-04

4¢"E-05
1.098E-08
9.402E-07
8.919E-07
1.410E-06

MAX I MUN
GLOBAL
ERROR

2.102E-03
2.102E-04
2.102E-0%
2.102E-06
6.648E-07
2.102E-07
6 .648E-08

MINIMUM
STEP SIZE

5.3822-01
2.153E-01
1.722e-01
1.378€-01
8.713e-02
1.102e-01
6.971E-02

MAXIMUM
STEP SIZE

INTEGRATION METHOD:

ABSERR

RELERR

2.978E-01
2.869£-01
1.503E-01
1.448E-01
1.422E-01
7.598£-02
7.525E-02

AVERAGE
STEP SI1ZE

-102%7
-12795
.23680
.25037
.25193
47743
.46987

2.001E-04
1.309€-0%
8.084E-09
1.100E-10
2.157€E-10
6.0042-11
6.304E-11

END POINT
ERROR

1.978E-04
1.295£-05
8.074E-09
1.093E-10
2.145E-10
$.994E-11
8 632E-07

MAX I MUN
GLOBAL
ERROR

1

1

7.813E-05
9.766E-06
2.4412-06
1.221E-06
3.052E-07

MININUM
STEP SIZE

3.200e-01
3.200£-01
1.600E-01
1.600E-01
1.600E-01
8.000E-02
8.0002-02

MAX I HUM
STEP SIZE

1.00E-1)

1.00E-12
1.008-12
1.00E-12
1.00E-12
1.00e-1)
1.00K-13
1.00E-14

FEN (D
NFE  NSTPA
490 53
1158 89
2006 155
356 21
4694 361
6241 480
8308 639
RK(7)8
NFE NSTPA
911 10
1483 114
2549 196
4486 345
5969 459
7880 606
9778 7152
ODE
NFE NSTPA
373 186
609 104
711 1385
1071 535
1501 150
1403 701
2273 1136
KROGH2
NFE NSTPA
397 211
426 219
810 48
830 434
851 442
1628 827
1607 835
KROGH1
NFE  NSTPA
426 220
812 &l
828 42}
1613 818
1623 825
1633 829
2536 1284

.00000

2

1.529E-01
1.485E-01
7.681£-02
7.616E-02
7.5798-02
4.893E-02

.96800
.36900
.88400

Table IV.1.2

COMPAR Summar, of Statistics for the
Circular Two Body Problem

3.784E-02
7.462E-06
4.952E-06
3.352E-10
4.223E-10
4.236E-10
2.056E-10

3.736E-02
T.424E-06
4.925E-06
3.341E-10
4.2108-10
4.235E-10
8.632E~07

1.000E-02
1.250£-03
7.813E-05
9.766E-06
2.441E-06
1.221€-06
3.052E-07

3.200E-01
1.600E-01
1.600E-01
8.0008E-02
8.000€-02
8.000E-02
8.000£-02
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INTRCRATION METHUD ABFS

ITER

2.50E+0!
2.50E+0!
2.50E+0!
2.50E+01
2.50E+0)
2.50E+0}
2.50E+0!

ORDER

8.00E+00
8.00€+00
8.00E+00
8.00E+00
8 .00E+00
8.00E+00
8.00E+00

NSTPR/

NFE NSTPA NSTPR NSTPT

1385 628
1141 502
981 418
789 314
687 251
627 209
209 4

INTEGRATION METHOD: KSGFS

.00000
.00000

V]
0
0
0 00000
0
0
0 .00000

NSTPR NSTPT

AVERAGE
STLP S1ZE CP - TiME

ERD fOINI
ERROA

1. 174E-06
8.208E-06
3.913€E-0%
4.197E-04
2.249E-03
1.039E-02

MAXTMUM
61 TAL
Lhich

1.172E-06
8.186£-06
3.897E-05
4 193E-04
2.2463E-03
1.012E-02

MINIMUM
STELF SIZE

1.000E-01
1.250€-01
1.500£-01
2.000E-G]
2.500E-0%
3.000E-01

56

MAXTMUM
STEP SIZE

5.000E-01
6.250E-0)
7.500€-01
1.000E+00
1.250E+00
i .500£+00

*%% METHOD FAILED TO REACH FINAL TIME

END POINT
ERROR

MAX 1 MUM
CLOBAL
ERROR

MINIMUM
STEP SIZE

MAXIMUM
STEP SIZE

2.50E+01
2.50E+01
2.50E+01)
2.50E+01
2.50E+01
2.50E+0]
2.50E+01

1.30E+01
1.30E+01
1.30E+0]
1.30E+0!
1.30E+01
1.30E+0}
1.30E+01

NFE NSTPA
1374 628
1135 502
967 418
171 314
672 251
339 6
554 179

INTEGRATION METHOD: $SFSBD

2.50E+01
2.50E+01
2.50E+01
2.50E+01
2.50E+01
2.50E+0u
2.50E+01

1.10E+0)
1.10E+01
1.10E+0!
1. 10E+0!
1.10E+0)
1.10E+01
1. 10E+01

NFE NSTPA
1356 628
1104 502
947 418
750 314
646 251
5713 209
526 179

INTEGRATION METHON: SSFSFE

2.50E+01
2.50E+01
2.50E+0)
2.50E+01
2.50E+01
2.50E+01
2.50E+01

1.10E+01
1.108E+01
1.10E+01
1.10E+01
1.108+01
1.10E+01
1.10E+0¢

0000 QCO
Qo
[=]
o
o
o

NFE NSTPA NSTPR NSTPT

1356 628
1104 502
947 418
750 314
646 251
573 209
526 179

.00000
.00000

1.001E-01 .14500
1.292E-01 .1¢720
1.503&-01 .11300
2.001E-0! .07950
2.503E-01 .07200
3.006E-01 .06350
0. 0.00000
AVERAGE
STEP SIZE CP - 11ME
1.001E-0! .16000
1.252E-01 .12800
1.503E-01 .11200
2.001£-01 .10400
2.503£-01 .10800
0. 0.00000
3.5102-01 .08000
AVERAGE
STEP SIZE CP - TIME
1.001E-01 .14300
1.252€E-01 .12700
1.503E-01 .10900
2.001E-01 .08800
2.503E-01 .07700
3.06E-0) 07150
3.510€-01 .06950
AVERAGE

STEP SIZE CP - TIME

1.001E-01 -14300
1.252€-01 12700
1.503E-01 .11200
2.001E-01 -08850
2.503E-01 .07950
3.006E-01 .07100
3.5108-01 .06900

Table IV.1.2

COMPAR Summary of Statistics for the
Circular Two Body Problem

.13082
-10390
.09146
.08760
.09373
0.00000
.06823

09189
.07257
.06578
.05883
.05787

7.359E-13
2.194E-11
1.224%-10
5.565E-09
9.680E-08

2.222E-12
2.189E-11
1.220E-10
5.561E-09
9.659£-08

1.000E-01
1.250E-01
1.500E-01
2.000€E-01
2.500E-01

7.000E-01
8.750E-01
1 050E+00
I .400E+00
1.750E+00

*4% METHOD FAILED TO REACH FINAL TIME
1.972E-06 1.953E-06 3.500E-01 2.450E+00

END POINT
ERROR

3.078E-11
2.674E-11
4.395€-11
1.965E-09
4 .388E-08
4 .869E-07
3.028E-06

END POINT
ERROR

3.078¢-11
2.674E-11
4.395¢-11
1.965e-09
4.388E-08
4.869E-07
3.028E-06

MAX IMUM
GLOBAL
ERROR

3.076E-11
2.670E-11
4.389E-11
1.968E-29
4.386E-08
4.859E-07
3.053€-06

MAX 1 MUM
GLOBAL
ERROR

3.076E-11
2.670E-11
4.389E-11
1.9¢8E-09
4.3862-08
4.859¢-07
3.053E-06

MINIMUM
STEP SIZE

.500E-01

MINIMUN
STEP SIZE

1.000E-01
1.250E~01
1.500E-01
2.000E-01
2.500E-01
3.000E-01
3.5002-01

MAX IMUM
STEP SIZE

6

7.500E-01}
9.000E-0}
1.200E+00
1.500E+00
1.800E+00
2.100E+00

MAX IMUM
STEP SIZE

6.000£-01
7.500E-01
9.000E-01
1.200E+00
1.5002+00
1.800E+00
2.100E+00
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Iv.1.2i. Figures IV,1.,2j through IV.1.2m show the efficiency curves

for ABFS, KSGFS, SSFSRD and SSFSFE relative to those of RK(7)8

and

RKN7(8). To illustrate the efficiency curves, the integration interval

was taken to be from 0.0 to 20T. A summary of these results are given

in Table IV.1.2,

IV.1.3 Elliptic Problem of Two Bodies

The elliptic problem of two bodies is modeled in two dimen-

sions by the set of first-order differential equations

L e R |
t 3 dt r3
v I My %2
dt ~ "4 dt ~ r3

or by the set of second-order differential equations

2
x1 d x2

dt r3 dt2

*

-
S e

“wlns

2 2
where r = xf * x5 The analytic solution of this problem may

written in terms of the eccentricity, e , of the orbit as

xl(t) = cos u

xz(t) = (1-e2)1/2 sin u

x3(t) z -sin u/(1-e cos u)

xu(t) = (1-e2)1/2 cos u/(1-e cos u)

wnere u is found by solving Kepler's equation

be
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M =u-~--esinu

and M=t . The eccentricity was chosen to be equal to 0.6, and the

initial conditions were

x1(0)=0.u. x2(0)=0.0, x.,(0)=0,v and xu(0)=2.0

3

Figure IV.1.2a shows the eccentric two-body orbit relative to the cir-

cular two-body orbit.

In order to determine the optimum order for ABFS, KSGFS,
SSFSBD and SSFSFE, the final time of the integration intervals examined
were the same as those used in the circular two-body problem, i.e., 2m,
12n and 20n., However, due to the relatively large eccentricity of the
orbit, the range of stepsize examined was from 0.001 to 0,025, about
one-tenth of the values used for the circular two-body problem. The
optimum orders were determined to be 12 for ABFS, 1: for KSGFS and 14

for SSFSBD and SSFSFE.

The efficiency curves for the variable-step integrators are
shown 1in Figures 1IV.1.3a through IV.1,3d. The efficiency curves for
ABFS, KSGFS, SSFSBD and SSFSFE relative to those for ODE, KROGH1 and
KROGH2 are shown in Figures IV.1.3e through IV.1.3h. Figures IV, 2.3i
through IV,2.31 show the efficiency curves for ABFS, KSGFS, SSFSBD and
SSFSFE relative to those of RK(7)8 and RKN7(8). The integration inter-
val used to illustrate the efficiency curves was taken to te from 0.0

to 20n. The data for these figures are summarized in Table IV.1.3.
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o

INTECSATION METHOD  FMN 7(8)

ABLRR  RELERR

INTEGRATION METHOD: RK(7)8

ABSERR  RELERR NFE

INTEGRATION METHOD: ODE

ABSERR  RELERR NFE

INTEGRATION METHOD: KROGH2

ABSERR  T-LERR NFE NSTPA NSTPR NSTPT

INTLGRATION METHOD: KROGHI

ABSERR  RELERR NFE

1 1.00e-12 1729
1 1.00E-12 2448
I, 1.00E-12 3624
1.00E-10 1.00E-12 4427
1 1.00E-13 5104
1 1.00E-13 6588
1 1.00E-14 8249

NSTPR/ AVERAGE
NFE NSTPA NSTPR NSTPT STLf SIZE
7 2 .22.22 6.967E-01
121 44 ,26667 5.193E-01
189 55 .22541 3.324E-01
30 7 .U2273 2.087E-01
401 0 .00000 1.567E-01
535 0 .0uC00 1.174E-01
114 0 .00600 €.800£-02
NSTPR/ AVERAGE
NSTPA NSTPR NSTPT STEP SIZE
111 29 .20714 5.561E-01
163 61 .27232 3.855E-01
264 97 .26870 2.380E-01
450 144 .24242 1.396E-01
584 105 .15239 1.076E-0t
752 0 .00000 8.355E-02
922 1 .00108 6.815E-02
NSTPR/ AVERAGE
NSTPA NSTPR NSTPT STEP SIZE
5SR 0 .00000 t.126E-0})
870 0 .00000 7.222€E-02
1304 0 .00000 &.818F-02
1819 0 .00000 3.454F-02
2175 0 .00000 2.889E-02
2720 0 .00000 2.310E-02
3522 0 .00000 1.784E~02
NSTPR/ AVERAGE
STEP SIZE
844 0 .00000 7.445E-02
1214 0 .00000 5.170E-02
1723 0 .00000 3.647€-02
2197 0 .00000 2.860E-02
2496 0 .00000 2.517E-02
3162 0 .00000 1.987E-02
3712 0 .00000 1.693E-02
NSTPR/ AVERAGE
N TP» NSTPR NSTPT STEP SIZE
849 0 .00000 7.401E-02
1213 0 .00000 5.180E-~02
1810 0 .00000 3.471E-02
2206 0 .00000 2.848E ;2
2544 0 .00000 2.47vE-QZ
3286 0 .00000 1.9120-02
4124 0 .00000 1.524E~02

Table IV.1.3

COMPAR Summary of Statistics for the
Eccentric Two Body Problem

65
MAXIMUM
END POINT GLOBAL  MINIMUM  MAXIMUM
CP - TIME  OVHD ERKOR ERROR  STEP SIZE STEP SIZE
0.00000 0.00000 *** METHOD FAILED TO REACH FINAL TIME
.20500  .16247 1.241E-01 1.241E-01 2.000E-02 1.369E+00
.29500  .23212 1.670E-03 1.670E-03 2.000E-02 7.985E-01
37500 .29563 1.410E-05 !.410E-05 2.000E-02 4.515E-01
49060 .38668 1.421E-06 1.421E-06 2.000E-02 3.391E-01
66100  .52316 1.197E-07 1.197E-07 1.663E-02 2.544E-01
.86100  .67704 9.639E-09 9.639E-09 1.231E-02 1.909E-01
MAXTMUM
END POINT GLOBAL MINIMUM MAX IMUM
CP - TIME  OVHD ERROR ERROR  STEP SIZE STEP SIZE
10000 06449 2.087E-01 2.087E-01 2.000E-02 1.771E+00
17700 12048 4.506E-03 &.S06E-03 2.000E-02 1.997E+00
28400 19290 3.361E-05 3.361E-05 2.000E-02 6.642E-01
4690t 31881 1.864E-07 1.8642-07 2.000E-02 3.783E-0]
56300 38754 7.766E-09 7.766E-09 2.000E-02 2.843E-~01
61600 42273 3.751E-09 3.751E-09 1.681E-02 2.171E-01
75800 52020 4.842E-10 &.842E-10 1.210E-G. 1.805£-01
MAX TMUM
END POINT GLOBAL MINIMUM MAX I MUM
CP - TIME  OVHD ERROR ERROR  STEP SIZE STEP SIZE
32100  .29817 1.736E+00 2.508E+00 9.759E-04 4.997E-01
51400  .47881 1.996E-02 1.996E-02 9.759E~05 2.599E-01
.78700  .73461 1.B20E-04 1.819E-04 9.759E~06 1.837E-01
1.10100  1.02835 6.909E-07 6.404E-06 9.75S9E~07 9.533E-02
1.31100  1.22432 3.779E-08 6.076E-G% 3.086E~07 8.273E-02
1.64700  1.53876 1.172E-09 4.483E-06 9.759E-08 7.460E-02
2.05800 1.91819 2.44BE-09 6.278E-06 3.086E~08 6.671E-02
MAX IMUM
END POINT GLOBAL MINIMUM  MAXIMUM
CP - TIME  OVHD ERROR ERROR  STEP SIZE STEP SIZE
.51200 47833 1.041E-01 1.041E-01 2.500E-03 3.200E-01
.73800  .68987 1.93BE-04 1.917E-04 1.563E-04 ).600E-Q1
1.07100  1.00242 1.179E-05 1.179E-05 1.953E-05 1.600E-01
1.38300  1.29581 S.119E-08 $.109E-08 2.4415-06 8.000E-02
1.56400 1.4 39 1.319E-D8 4.005E-06 6.104E-07 8.000E-02
1.99800 1.87238 5.318E-10 &4 .005E-06 1.526E-07 8.000E-02
2.32300  2.17553 1.489E-10 4.005E-06 7.629E-08 8.000E-02
MAXIMUM
END POINT  GLOBAL MINIMUM  MAXIMUM
CP - TIME  OVHD ERROR ERROR  STEP SIZE STEP SIZE
58700  .55274 2.125E-01 2.133E-01 1.250E-03 3.200E-01
83600 78749 1.489E-03 1.477E-03 1.563E-04 1.600E-01
1.26500  1.19318 1.624E-05 1.624E-05 1.9S3E-05 1.600£-01
1.57100  1.48327 1.114E-07 1.112E-07 2.441E-06 8.000E-02
1.83100  1.72986 3.100E-09 &.005E-06 6.104E-07 8.000£-02
2.35900  2.22845 4.053E-10 & .00SE~-06 1.526E-07 8.000£-02
2.49500  2.73155 1.722E-10 4.005E-06 7.629E-08 &.000E-02

-ty
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INTr LRATION METHOD  ARFS

ITER ORDER NFE NSTPA
LSUEC0] 1.20F+01 16897 8376
SS0Fe01 1L20E401 12721 6282
LSOFe01 1.20E001 10219 5029
.S0re01 1.20L+01 8583 4187
LSOEe0L 1.20E+D1 6461 1140
SUE+0L 1 20Ee01  S217 2512

[P F I I RN

INTHCRATION METHOD: KSGFS

1TER ORDER NFE NSTPA
2.50E+01 1.90E+01 106886 8176
2.50F+01 1.90F+0L 12717 6282
2.50F+01 1.908+01 10203 5028
2.50F«01 1.90E+01 8546 4187
2.5%0F«01 1.90E+0] 6471 3140
2.500401 1.90F+01 S218 %12

INTEGRATION MPTHOD  SSESBD

ITER ORDER NFE NSTPA

2.%50E¢01 1.40F¢01 1685) 8376
2.50F+01 1.40E+01 12677 6282
25«01 1.40Fe01 10153 5025
2.50E¢01 1.40E+01 K487 4187
2.508+01 1.40F«0L 6407 3140
2.50ke01 1.40E+01 S1%1 2512

INTEGRATION METROD SSFSFE

NFE NSTPA

1TER ORDFR
2.50E¢01 1.40E+01 13851 817%
2.5%F¢D1 1.40E+01 12677 6282
2.50E+01 1.A0E+01 1016Y $02%
2.508+01 1.40E¢01 B4B7 4187
2.50Ee0L |

2.50E.01 )

.40E+Ql 6407 3140
LA0E+01 SIS 2s12

NSTPR

[~~~ -]

NSTPR
NSTPR

NSTPR

Q
0
0
0
0
0

Eccentric Two Body Problem

NS TPR/
NSTPT
00000
00000
Q0060
L00000
. 00000
00000

NSTPR/
NSTPT

.00000
.00000
.00000
.00000
L0000
L00000

NSTPR/
NSTPT

.00000
.00000
00000
0000
L0000
00000

N3TPR/
NSTPT

.00000
00000
00000
00000
00000
00000

AVE RACF

STEP 812K CP - TIME

7

L}
1
[
2
2

.S01E-0)
.000E-02
L2508-02
.S01E-02
.001E-02
.501€-02

AVERAGE

STEP SI1ZE

1.501¢-03
1.000E-02
1.25%0E-02
1.
2
?

S01E-02

LQ01€-02
SS501E-02

AVERAGE

STEP S1ZE

.S01E-03
.000%-02
L250K-02
LSO1E-02
O01E-02
.501E-02

AVERAGE

STEP S12E

7

1
1
1
2
7

.S01€-03
O00E-D2
L250E-02
SOLE-02
Q01E-02
S01E-02

1.9%800
1«80
1.16700
.98000
.74700
60900

CP - TIME
1.98700
1.51300
1 21100
1.01800

. 19800
63500

CP - TIME

1.79600
1.37200
1.09200
.90400
69600
.54900

CP - TIME

END POINT
ERROR

MAXIMUNM
GLORAL
ERROR

MININMUM
STEP SIZE

66

MAX 1HI™
STEP SI1Z2E

1.62316
1.23291
.96450
81071
61897
504562

OVHD
1.65238
1.26099
1.00881

-B486%
006977
.53166

1.46207
[ R IVt ]
.89060
sa?
.96904
44693

END POINT
ERROR

9.035k-11
7.659¢-10
1.9778-10
1.4888-09
6.461E-08
3.898E-07

END POINT
FRROR

4.176r-11
6.4615E-11
4.111E-11
1.204F-10
2.8278-09
&4 .SR4UE-08

END POINT
ERROR

9
7
7.
1
6
]

MAX | MUM
GLOBAL
ERROR

L6192-11

S65%E-10

S64E-10

AF2E-09

471F OB

976E-07

MAX I MUM
GLOBAL
ERROR

L307E-11
A64E-L
L295E-11
LA0W-10
LI82E-09
25E-07

MAX I MUN
GLOBAL
ERROR

7.500E-0)
1.000E-02
1 250E-02
1.500E-02
2 000E-02
2.500€-02

MINIMUN
STEP S1ZF
7.5002-03
1.000E 02
1.250E-02
1.%00E-02
2.0008~02
2.500E-02

MINIMUM
STEP SIZE

7.500E~03
1.000E-02
1.25%0E-02
1.500E-02
2.000E-02
2.500E-02

MINIMUN
STEP SIZF

5.250E-02
1.000E-02
8.7%0K-02
1.050E-01}
1.400£-01
1.750£-01

MAX1HUM
STEP SI1ZE
7.%00€-02
1.000E-0!
1.250€-01
1.500£-01
2.000E-01
2.500F-01

MAX INUN
STEP SIZE
6.000E-02
8.000K-02
1.000E-01
1.200€-01
1.6008-01
2.000E-01

MAX LM
STEP SIZE

1.79100
1.35900
1.093)00
91700
.69900
.%5%00

Table IV.1,3
COMPAR Summary of Statistics for the

1.45707
1.10779
89160
74882
87204
4569)

817€-09
& .584E-08

LJQTE-TL
LABAE-11
JI9SE-11
JOIE-10
.782E-09
.02ve-07

T SO00E-0)
1.000&-02
1.2%0E-02
1.%00E-02
2.000E-02
2.500E-02

6.000£-02
8.000€-02
1.000E-01
1.2008-01
1.6008-01
2.000E-01



IV.1.4 Fuler Rigid-Body Froblen

The Euler equations of motion for a rigid bady without exter-

nal forces may be written as

dx dx dx
NS X, X Tl B | R 51x,x
dv T Yoty at T "M% dt T T 4%
dx dxd dx%
By defining Xy = Tk xS ST and X gt the original set of

three first-order

six equations.
two forms.

ten in

differential eguations

dx1

at to*3
2

at = Th*3
dx

3.
TR T L P

or the equivalent set of second-order

d2x
g-: -x1(x§ + .Slxg)
dt
2
d x
2 2 2
= =x.(x, - .51x,)
4t2 2'%3 1
d2x3 2 2
w—2~ z -.51X3\X2 - X,) .

ordinary differential equations may be extended to
The new set of six differential equations may be writ-

The first form is given by the set of first-order

dx

N 2 .2
T —x1(x3 + .31x2)
dx.

5 2 2
3t C -x2(x3 - .51x1)
dx

6 2 2
s —.51x3(x2—x1)

differential equations
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The second form is given by the set of first-order differential equa-

ticens

dx1 dxu
dat c Xy at - *s¥3 * X¥o
dx dx
2 5
<5t ¢ % Tk —(xux3 + x1x6)
dx dx
3. _6 .
at " % at = 7ot Oxxy v xgxy)

or the equivalent set of second-order differential equations

d2x1
dtz = x5x3 + XX,
d2x

A (%X, X, + X ,X,)
dt2 - 473 176
d2x3
dta = ---.51(xux2 + x5x1)

By expanding the state from three to six elements, the right-hand side

of the differential equations may be written as a function of X1 x2

and x3 or of xl. x2. x3

given by the Jacobian elliptic functions

5

x1(t) = sn(t}.51) xu(t) = en(t).51)dn(t!.51)
x2(t) = en(t).51) xs(t) = -sn(t;.51)dn(t}.51)
x3(t) = dn(t}.51) x6(t) = -.51 sn(ti{.51)en(t!.51)

with the initial conditions x1(0) : 0.0, x2(0) = 1,0, x3(0) = 1,0

v Xy X O Xeo The -lytic solutions are
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XL(O) = 1.0, x.(0) = 0,0 and x6(0) = 0.0. The Jacobian elliptic func-
tions are pariodic. The functions sn(t]|.51) and cn(t]|.51) have a

quarter-period of K and dn(t{.51) has a half-period of k where

K = 1.86264080233273855203... The functions sn(t|.51), en(t

.51) and
dn(t].51) are shown in Figure IV.1.4a. The integration interval was

taken to be from 0.0 to 8K.

To obtain the efficiency curves for the fixed-step/fixed-
order integrators, the stepsize was varied from 0.03 to 0.10. The
optimum orders for ABFS, KSGFS, SSFSBD and SSFSFE were 11, 16, 14 and
14 for the first form of the differential equations and 11, 11, 10 and

10 for the second form of the differential equations.

The efficiency curves presented in Figures IV,1.4b through vy
are for an integration interval from 0.0 to 8K. The efficiency curves
for solving the first form of the differential equations are shown in
Figures IV.1.4b through IV.1.4m, Figures IV,1,4b through IV.1.4e show
the efficiency curves for the variable-step integrators. Figures
IV.1.4f through IV.1.4i show the efficiency curves of ABFS, KSGFS,
SSFSBD and SSFSFE relative to those for ODE, KROGH1 and KROGH2. Fig-
ures IV.1.43 through IV.1.4m show the efficiency curves of ABFS, KSGFS,
SSFSBD and SSFSFE relative to those for RK7(8) and RKN7(8). Similar
comparisons for the solution of the second form of the differential
equations are shown in Figures IV.1,4n through IV.1.4y., The results of

the comparisons are summarized in Tables IV,.1,44 and IV.1.4B.
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BB

INTEGRATION M H P ke 7B
ABSERR RELERR NEE  NSTFA
LO0F-04 1.00E-12 19¢ 14

OVE-06 1.00E-12 287 22

1
1
<OUF-08 1.00E-12 482 »
OVE-10 1.00E-12 846 65
L00t-11 1.00E-13 1093 84
L00E-12 1.00F-~11 1657 112
-00E~13 1 .00F-14 1925 148

- = -

INTEGRATION METNOD RK(7)8

ANSERR

1.00E-04 1.00E-12 132 15
1.00E-06 1.00E-12 360 23
1.00€-08 1.00E-12 553 36
t.00E-10 1.00E-12 852 5S
1.00E-11 1.00E-1) 1138 17
1.00¥F-12 1.00E-13 1421 99
1 ]

.COE-13 ]1.00E-1& 1747 125

INTHCRATION METHOD ODE

ARSLRR

NSIPR

DoCcoocC—

3
S
7
7
11
1
10

NSTPR
Nhit!

.00667
00000
00000
00000
00000
.00000
L0000

NSTPR/

RELERR NFE NSTPA NSTPR NSTPT

.16667
.178%7
.16279
.10606
.12%00
.10000
.07407

NSTPR/

RELERR NFE NSTPA NSTPR NSTPT

AVERAGF
SIrPOSLLE CF - TIME

1 064E+00 .02100
6.17)E-01 .032%0
4.027E-01 05600
2.292E-01 .O8B0O
1.7T4E-0L 11100
1.330E-01 . 19800
1.007€-01 .21700
AVERAGE

STEP S:2E CP - TIME

OVHD
674
.02626
L04552
.06960
08723
12631
171514

END POINT
ERROR
S.173E-01
J.419E-03
4 .806E-06
$.392€-08
$.120E-09
4.779E-10
4.160E-1}

END POINT
ERROR

2.993E-03
6.948E-06
5.994E-08
1.220€-10
8.914E-11
1.28%¢-11
2.146E-12

END POINT
ERROR

83
MAX TMUM
GLOBAL MINIMUM MAX I MU
ERROR STEP S1ZE STEP SIIF
$.173E-01 2.000E-02 ].54RE+00
3.419E-03 2.000E-02 9.1.1E-01
4 .804E-06 2.000E-02 5.337E-01
$.392E-08 2.000E-02 3.019£-01
9.120E-09 2.000E-02 2.261E-01
4.779E-10 2.000E-02 1.690£-01
4.160E-11 2.000E-02 |.272E-01
MAX I MUM
GLOBAL MINIMUM MAX I MUM
ERROR STEP S1ZE STEP SI1ZE
2.993E-03 2.000E-C2 1.6J4E+00
6.94BE-06 2.000E-02 9.304E-0!
$.994E-08 2.000E-02 6.003E-01
1.220E-10 2.0C0DE-02 3.749E-01
B8.914E-11 2.000E-02 3.026E-01
1.285E-11 2.000E-02 2.395E-01
2.146E-12 2.000E-02 1.981€-01
MAX IMUM
GLOBAL MININUM  MAXIMUM
ERROR STEP SIZE STEP SIZE

1 1.00E-12 173 86
1 1.00E-12 11 15%
| 1.0GE-12 401 200
1.00E-10 1 O00E-12 559 279
1 1.00E-113 7o% 82
1 1. 00E-13 191 395
1 1.00E-14 105% 527

Q0F-12
LO0E-13

INTFCRATION MFTHOD  KROGH2

ABSERR RELERR

NFE NSTPA NSTPR

.00000
00000

NSTPR/
NSTPT

9.93.E-01 01833
6.479E-0} 02550
4.139F-0! 04067
2.526E-01 06600
1.935€~01 .087%0
1.505E-01 10900
1.192E-01 13800
AVERASE
STEP SIZE CP ~ TIME
1.733E-01 05400
9.614E-02 09400
T.451E-02 12900
S.341E-02 .17600
3.901E-02 25700
}.712E-02 27400
2.828E-02 315000
AVERAGE
STEP SIZE CP - TIME

1.170E-04
4.404E-07
6.723E-09
3.2698-11
4.309E-12
S.198E-12
6. S48E-12

END POINT
ERROR

1.00E-04 |

1.00E-006 |

1.00E-08 1.00E-12 923 m
1.C0E-10 |.00E-12 105 Jo8
1 00E-i1 1.00E-1) 17) 409
I .00E-12 1.00E-13 818 422
1.00E-13 1.UVOE-14 1so? 1

INTECRATION METHOD: XROGH]

ABSERR RELERR
1.00E-04 ].00E-12 84 144
L.0NE-086 1.008-12 84 201
1 .00E-08 1.00E-12 53 269
1.00E-10 1.00K-12 132 3
1 .00E-11 |.00E-1) 194 406
L.00€-12 1.00E-13 1406 714
1.00€-1) 1.00E-14 1542 83

NFE  NSTPA NSTPR

-00000
.00000
.00000
.00009
.00000
.00000
.00000

1.112€-01 09500
7.603E-02 14500
S.478E-02 20800
4.049E-02 27200
3.643E-02 30200
3.931€-02 .31900
1.933E-02 57800
AVERAGE

STEP SIZE CP - TIME

1.015€-01 12400
7.413E-02 17500
$.539E-02 24200
4.016E-02 33500
3.670E-02 371500
2.0878-02 .65500
1.901E-02 10200

Table 1V,1.4A

2.681E-0)
9.4)2E-06
2.1178-07
7.426E-09
1.437€-12
T.159E-11
1.176E-11

END POINT
ERROR

2.548E-0%
3.509E-07
1.530E-09
1.374E 10
A.5798-12
3.470E-12
7.182€-12

COMPAR Summary of Statistics for the
Fuler Rigid Body Problem F=F(T,Y)

1.185E-04 2.039E-03 2
4 .865E-07 2.039E-04 !
7.408E-09 2.039E-05 8
4.001E-11 2.039E-06 6.681E-02
9.693E-07 6.448E-07 &
9.196E-07 2.039E-07 5
1 b

L4S4E-06 6 .448E-08 3.IR0E-02

MAXTNUM
GLOBAL  MINIMUN  MAXINUM
ERROR STEP SIZE STEP SIZE

1.000E-02 1.5008-01
6.250E-04 1.600E-01
1.813E-05 8.000E-02
.38bE-09 9.766E-06 8.000E-02
2
(]
3

LA29E-12 2.441E-06 4.000E-02
.176E~07 6.104E-07 4.000E-02
9.1768-07 3.0528-07 4.0008-02
MAX IMUN

GLOBAL  MINIMUM  MAXINUM

ERRO®  STEP SIIE STEP SIZE

3.479E-05 1.000E-02 |.600E-01
4 .069E-07 6. SOE-04 1.600E-01
1.995€-09 7 IE-05 8.0002-02
7.367E-10 9./66E-06 8.0008-02
4.5528-12 2.441E-06 4.0002-02
9.176E-07 6.104£-07 4.000E-02
9.176E-07 3.0726-07 2.000E-02



e

e

84
INTECKATION METHOD: ABFS
MAX1MUN
NSTPR/  AVERAGE END POINT  GLOBAL  MINIMUM  MAKIMUM
ITER  ORDER KFE NSTPA NSTPR NSTPT STEP SIZE CP - TINE  OVHD ERROR ERROR  STEP SIZE STEP SIZE
2.50E+01 1.10E+01 1116 496 0 .00000 3.004E-02  .16800  .14377 1.670E-13 2 S60E-13 3.000E-02 1.800£-0i
2.50E+01 1.10E+0) 888 1372 0 .00000 4.006E-02  .12800  .10869 6.615E-13 7.190E-13 &.000E-02 2.400E-01
1.90E+01 1.10E+0) 740 298 0 .00000 5.000E-02  .12500  .10891 5.530E 12 6.121€-12 5.000E-02 3.000E-01
2.50E+01 1.10E+01 640 248 0 .00000 6.0092-02  .09600  .0B208 5.403E-11 5.527E-11 6.000E-02 3.600E-01
2.50E+01 1.10E¢0) 579 212 0 .00000 7.029£-02  .09550  .08291 3.620E-10 3.234E-10 7.000E-02 &.200E-01
2.50E+01 1.10E«0} 527 186 0 .00000 B.011E-02  .07750  .06604 1.385E-09 1.471E-09 8.000E-02 &.B800E-01
2.50E+01 1.10E«0} 49 165 0 .00000 9.031£-02  .07900  .06821 5.724E-09 5.421E-09 9.000E-02 5.400E-01
2.50E¢01 1.10E+01 464 149 0 .00000 1.000E-01  .07900  .0689) 3.1B5E-08 3.095E-0C 1.000E-O1 6.000E-01
INTEGRATION METHOD: KSGFS
MAX TMUM
NSTPR/ AVERAGE END POINT GLOBAL  MININUM  MAXINUM
ITER  ORDER NFE NSTPA NSTPR NSTPT STEP SIZE CP - TIME  OVHD ERROR ERROR  STEP SIZE STEP SIZE
2.50E+01 1.60E+01 1119 495 0 .00000 3.010E-02  .19600  .17166 1.925E-il 1.929€-11 3.000E-02 2.700E-01
2.50E401 1.60E+01 871 371 0 .0U000 4.016E-02  .15600  .13,06 1.197E-11 1.199E-11 4.000E-02 3.600E-01
2.50E+01 1.60E+01 739 297 0 .00000 5.0175-02  .14400  .12793 4.13SE-11 4.128E-11 5.000E-02 &.500E-01
2.50E+01 1.60E+01 635 247 0 .00000 6.0336-02  .12506  .11110 2.1B0E-11 2.176E-11 6.GODE-02 5.400E-01
2.50E+D1 1.60E+0) 583 211 0 .00000 7.062E-02  .12800  .11532 3.032E-10 2.Y90E-10 7.000E-02 6.300E-Ol
2.50E+01 1.60E+01  S15 185 0 .00000 8.055E-02  .11200  .10080 2.666E-09 Z.638E-09 B.000E-02 7.200E-01
2.50E¢01 1.60E+01  S05 164 0 .00000 9.086E-02  .11200  .10102 1.491E-08 1.468E-08 9.000E-02 8.100£-01
2.50E401 1.60re01 457 148 0 .00000 1.007E-01  .11500  .10506 5.953E-08 5.880E-08 1.000E-O1 9.000E-01
INTEGRATION : "THOD: SSFSBD
MAXTMUM
NSTPR/  AVERAGE END POINT GLUBAL MINIMUM  MAXINUM
ITER  ORDER NFE NSTPA NSTPR NSTPT STEP SIZE CP - TIME  OVHD ERROR ERROR  STEP SIZE STEP SI2E
2.50E+01 1.4DE+01 1080 495 0 .00000 3.010E-02  .17300  .14932 $.526E-12 5.529E-12 3.000E-02 2.400E-01
2.50E+01 1.40E+01 855 371 0 .00000 4.016E-02  .14300  .12441 6.780E-12 6.789E-12 4.000E-02 3.200£-01
1.50E401 1.40E¢01 721 297 0 .00000 5.017E-02  .11300  .09732 7.145E-12 7.221E-12 5.000E-02 4 .000E-01
2.50E+01 1.40E¢0l 621 247 0 .00000 6.0335-02  .10150  .0B799 5.254E-12 5.887E-12 6.000E-02 4 .B0OE-01
2.50E+01 1.40E+01 549 211 0 .00000 7.062E-02  .09650  .0B456 6.010E-12 1.679E-11 7.000E-02 5.600E-01
2.50E401 1.40E+01 497 185 0 .00000 B.0S5E-02  .08850  .07769 1.339E-11 1.282E-10 8.000E-02 6.400E-01
2.50E+01 1.40E+01 469 164 0 .00000 9.086E-02  .08650  .07630 1.935E-10 7.669E-10 $.000E-02 7.200E-01
2.50£401 1.40E+0l 437 148 0 .00000 1.007E-01  .08600  .07650 1.231E-09 3.828E-09 1.000E-O1 B.0VOE-O1
INTEGRATION METHOD: SSFSFE
HAX TMUM
NSTPR/  AVERAGE END POINT  GLOBAL  MINIMUM  MAXIMUM
ITER  ORDER ~ NFE NSTPA NSTPR NSTPT STEP SIZE CP - TIME  OVHD ERROR EPROR  STEP SIZE STEP SIZE
2.50E+01 1.40E+01 1089 495 0 .00000 3.010E-02  .16000  .13632 5.526E-12 5.529E-12 3.000E-02 2.400E-01
2.50E+01 1.40E+0} 855 371 0 .00000 4.016E-02  .14400  .12541 6.780E-12 6.789FK-12 4.000E-02 3.200E-01
2.50E401 1.40E«0) 721 297 0 .00000 5.017E-02  .11200  .09632 7.145E-12 7.221E-12 5.000E-02 4.000Z-01
2.50E+01 1 40E+Dl 621 247 0 .00000 6.013E-02  .10400  .09049 5.254E-12 5.887E-12 6.000E-02 4.800E-01
2.50E401 1.40E+01 549 211 0 .L0000 7.002E-02  .0B850  .07656 6.010E-12 1.679E-11 7.000E-02 $.600E-01
2.50E+01 1.40E+01 497 185 0 .00000 8.055£-02  .0BOOO  .06919 1.339E-11 |.282E-10 8.000E-02 6.400£-01
2.50E+01 1.40E«01 469 164 0 .00000 9.086E-02  .0B550  .07530 1.93SE-10 7.669E-10 9.0D0E-02 7.200£-01
2.50E+01 1.40E+01 437 |48 0 .00000 1.007E-01  .08050  .07100 1.231E-09 3.828E-09 1.000E-01 8.000E-01

Table IV.1.4A

COMPAR Summary of Statistics for the
Euler Rigid Body Problem F=F(T,Y)
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INTECRATION METHOD

ABSERR

INTECRATION METHOD:

ABSERR

RELERR

RELERR

FEN T8

NFE NSTPA NSTPR

287 19
443 )1
664 50
1106 85
1457 112
1925 148
2562 197
RK(7)8

NFE  NSTPA NSTPR

1.00E-10
1.00E-11
1.00E-12
1.00E-1)

INTEGRATION METHOD:

ASSERR

RELERR

NSTPA NSTPR

NSTPR/
NSTPT

NSTPT

AVERAGE
STEP SIZE CP - TIME

7.843E-01 .03000
4.807E-01 .05113
2.980E~01 .07700
1.753E~-01 10600
1.330E-04 -15400
1.007€~01 -19900
7.564E-02 -26900
AVEPAGE

STEP SIZE CP - TIME

8.765E-01 02240
5.960E-01 .02750
3.548E-01 05200
2.129€-01 07950
1.620E-01 09650
1.242E-01 .12500
9.934E-02 .14500

END POINT
ERROR

1.912E-03
4 .649E-06
6.091E-07
3.067E-09
9.754E-11
9.586E-12
8.508E-1)

END POINT
ERROR

1.399E-03
4.376E-05
1.599E-07
1.435E-09
1.848E-10
2.551E-11
3.730E-12

END POINT
ERROR

MAX IMUM
GLOBAL
ERROR

MAXIMUM
GLOBAL
ERROR

1.399€-03
4.376E-05
1.599¢-07
1.435€-09
1.848E-10
2.551E-11
3.730E-12

MAX I MUM
GLOBAL
ERROR

MININUM
STEP 317E

2.000E-02
2.000E~02
2.000&-02
2.000k-02
2.000E-02
2.000E-02
2.000E-"2

MINIMUM
STEP SI1ZE
.000E-02

.000E-02

MINIMUM
STEP S1ZE

&5

MAX TMUM
STEP SIZL

1.204E+00
6.405E-0}
4.531€-01
2.791E-01
2.114E-01
1.584E-01
1.188£-01

MAX IMIN
STEP SI1ZE

1.192E+00
7.770E-01
4.670E-01
2.845E-01
2.197e-01
1.710£-0%
1.339E-01

MAX IMUN
STEP SIZE

INTEGRATION METHOD:

ABSERR

1.00E-04
1.00E-06
1.00E-08
1 .00E-10
1.00E-11
1.00E-12
1.00E-13

INTECRATION METHOD:

ABSERR

1
1
1.00E-12
1
i

1.00E-13
1.00E-14

RELERR

RELERR

282 17
362 25
631 42
995 70
1270 92
1610 120
1952 150
ODE
NFE

175 87
il 155
437 218
595 297
769 384
865 432
1133 566
KROGH2

NSTPR/

NFE NSTPA NSTPR NSTPT

278 lal
3sh 199
561 284
763 390
798 LG
817 428
1542 783
KROGR]

NSTPT

7.061E-04
1.903E-0%
6.829E-08
1.006E-09
1.6545-10
4.833E-12
9.965E-12

END POINT
ERROR

1.016E-0)
3.674E-07
2.767E-08
7.537€-10
6.741E-11
1.184E-11
7.319E-12

END POINT
ERROR

6.772E-04
1.897E-05
6.807E-08
1.010E-09
9.693E-07
9.196E-07
1.454E-06

MAX I MUM
GLOBAL
ERROR

1.017€-03
5.860E-07
2.767£-08
7.494E-10
6.726E-11
9.176E-07
9.176E-07

MAX | KUM
GLOBAL
ERROR

2.039E-0)
2.039E-04
2.039E-0%
2.039E-06
6 .448E-0)
2.039E-07
6.448E-08

MINIMUM
STLP SIZE

1 .000E-02
6.250E-04
7.813E-0%
S.766E-06
2.441E-06
6.104E-07
3.052e-07

MINIMUN
STEP SIZE

2.6102-01
1.044E-01
8.3)52E-02
6.681E-02
4.226E-02
5.345E-02
3.380E-02

MAX 1 MUM
STEP SI1ZE

1.600E-01
1.600E-01
8.000E-02
8.000£-02
A .000E-02

JOE-02
1.000K-02

HAX T HUN
STEP SI1ZE

1.n0E-10
1. .E-11
1.00%-12
1.008-1)

1.00E-12
1.0CE-12
1.00€-12
1.00E-12
1 .00E-1)
1.00E-1)
1.00E-14

AVERAGE

STEP SIZE CP - TIME
1.713E-01 .056%0
9.614E-02 .09500
6.835€-02 13800
5.017€-02 -18800
3.881E-02 23900
3.449E-02 29400
2.633E-02 37000
AVERAGE

STEP SIZE CP - TIME
1.057E-01 .10800
7.488E-02 . 14000
5.247E-02 .21700
3.821£-02 .29500
3.582K-02 .31400
3.482F-02 .00
1.903E-02 .55300
AVERAGE

S1EP SIZE CP - TIME
1.080E-01 -12500
T.451E-02 100
3.192E-92 .45900

3.735¢-02 -36000
3.582e8-02  .)7800
2.817:-02 .50200
1.9032-02 .10200

Table IV.1.4B

.67280

.B64LE-0k4
.830E-07
.296E-08
.2154E-10
.161E-12
.305E-11
4.7408-12

Ll ol i

COMPAR Summary of Statistics for tri
Euler Rigid Body Problem F=F(T,Y,Y ™)

& .B49E-04
1.836E-07
2.296E-08
1.233E-10
9.831€E-112
9.1762-07
9.1762-07

) .000E-02
6.250E-04
7.813E-0%
9.766£-06
2.441E-06
6.104E-07
3.0528-07

1.600E-01
1.600£-01
8.000£-02
8.000E-02
4 .000E-0?
& .N00E-02
2.000E-02



INTECRATION METHOD  ABFS

END POINT
ERROR

VAT MM
GLOBAL
ERROR

MINIMUM
STEP SIZE

86

MAX ITMLNM
STEP SI1ZE

R NN NN

.50E+0!
.50E+01
.S0E+0}
-50E+01
.S0E«01
-S0E+0}
.50E+0]
.50E+D1

.10E+01
.10E+Q]
.10E+Q]
.10E+0]
10E+Q]
.10E+01
-10E+01
.10E+01

INTEGRATION METHOD: KSGFS

ITER

2.50E+01
2.50E+0)
2.50E+0!
2.50E+01
2.
2
2
2

SOE+0}

.S50E+)]
.SOE+0L
.30E+01

ORDER

NFE

1.10E+01
1.10E+01
1.10E+01
1.10E+0!
i.
1
1
1

10E+0}

.10E+01
.10E+01
.10E+Q1

1114
8177
740
640
590
538
496
464

9.061E-13
5.636E-12
6.861E-11
5.289E-10
3.045E-09
1.078£-08
8.679E-07
1.359E-04

END POINT
ERROR

INTEGRATION METHUD: SSFSBD

ORDER

NFE

6.672E-12
7.234E-12
1.089E-10
1.304E-09
1.019¢-08
5.972E-08
2.751E-07
I .C40E-06

END POINT
ERROR

9.637E-13
6.273E-12
7.888E-11
6.015E-10
3.200E-09
1.474E-08
7.415E-07
8.401£-05

MAX IMUM
CLOBAL
ERROR

3.000E-02
4 .000E-02
5 .000E-02
6 .000E-02
7.000E-02
8.000E-02
9 .000E-02
1.000E-01

MINIMUM
STEP SIZ2E

.000E-01

MAX I MUM
STEP SIZE

6 710E-12
7.061E-12
1.069E-10
1.300£-09
1.029£-08
6.000E-08
2.7816-07
1.115E-06

MAX I MUM
GLOBAL
ERROR

MINIMUM
STEP SIZE

MAX IMUM
STEP SIZE

NN NN RN

.50E+04
.S0E+0}
.S0E+01
.50E+0]
.S0E+0)
.S0E+0]
.S0E+0I
.S0E+01

.00E+01
-00E+01
.00E+01
.00%+01
.00E+0}
.00E+0!
.00E+0}
.00E+0]

h49

INTECRATION METHOD: SSFSFE

NFE

.220€E-08
.710E-07

END POINT
ERROR

2.285E-12
2.1382-12
1.346E-11
1.2728-10
1.318:-09
8.770E-09
4.368E-08
2.796E-07

3.000F-02
4 .000E-02
5.000E-02
6.000£-02
7.000E-02
8.000E-02
9.000F-02
1.000E-01

MINIMUM
STEP S1ZE

1.800£-01
2.400E-01
3.000z-01
3.600£-01
4.200E-01
& .800E-01
5.409E-01
€.000E-01

HAX 1 MUM
STEP SIZR

2
2
H
2

2

1.

.508+01
2.
.30&+01
.30E+01
.30E+01
2.
.50E+01

50e+01

502+01

508401

1
1
1
1
1
1
i
1

.00E+0]
.00E+01
.00E+0]
.00E+01
.00E+01
00801
.002+01
.00E+01}

NSTPR/

NSTPA NSTPR NSTPT
496 0 .00000
3172 0 .00000
298 0 .00000
248 0 .00)00
212 0 .00000
186 0 .00000
165 0 .00000
149 0 .00000
NSTPR/

NSTPA NSTPR NSTPT
496 0 .00000
372 0 .00000
298 0 .00000
248 0 .00000
212 0 .00000
186 0 .00000
165 0 .00000
149 0 .00000
NSTPR/

NSTPA NSTPR NSTPT
496 0 .00000
in2 0 .00000
298 0 .00000
248 0 .00000
212 0 .00000
186 0 .00000
tes 0 .00000
149 0 .00u0u
NSTPR/

NSTPA NSTPR NSTPT
496 0 .00000
372 0 .00000
298 0 .00000
248 0 .00000
212 0 .00000
186 0 .02000
16% 0 .00000
149 0 .00000

COMPAR Summary of Statistics for
Euler Rigid Body Problem F=F(T,Y,Y

AVERAGE
STEP SI1ZE CP - TIME
3.004E-02 17000
4 .006E-02 -13800
5.000E-02 .10700
6.009E-C2 -10000
7.029E-02 .09400
8.011€-02 -08350
9.931E-02 .07750
1 .000E-01 .07600
AVERACE
STEP SIZE CP - TIME
3.004E-02 .15400
4.006E-02 .11700
5 .000E-02 .10700
6.009E-02 .09200
7.029£-02 .09500
8.011E-02 .08800
©.031E-02 .08800
1.0V0E-G] .08000
AVERAGE
STEP SIZE CP - TINME
3.004E-02 .14400
4.006E-02 -12900
5 .000E-02 .10350
6.0.3L-02 .08700
7.029E-02 .08800
8.011E-N2 -07950
9.031£-02 .07200
1.000E-01 07200
AVERAGE
STEP SIZE CP - TIME
3.004E-02 .12800
& .006E-02 . 10400
5.000E-02 .102%0
6.009E-02 .08350

7.029€-02 .07900
8.0118-02 07930
9.031e-02 07450
1.000E-01 .07000

Table IV.1,4B

2.223e-12
1.654E-12
1.869E-12
1.075E-10
1.250E-09
8.471E-09
4.220E-08
1.710E-07

thy,

2.285€-12
2.1388-12
1.346E-11
1.2728-10
1.318E-09
8.770e-09
&.368E-08
1.1962-07

3.000E-02
4 .000E-02
5.000E-02
6.000E-02
1.000E-02
8.000E-02
9.000E-02
1.000£-01

1.8002-01
2.400E-01
3.0002-01
3.600E-01
4.2002-01
4.800E-01
5.4CuE-01
6.0002-01
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IV.1.5 Restricted Threo-Rody Problem

The restricted three-body problem in two dimensions may be

described by the set of first-order differential equations

dx1 dx (1-u)(x1+u) u(x1+ u=-1)
_ = x ___3_ = x + x p— -
dt 3 dt 4 1 r3 3

1 )
S P S o
at - Xy at - 3t % - 2 3

T 2

2
where r? = (x1+u)2+x§ . rg = (x1+u-1)2+y‘ and U is the mass ratio.

By selecting the initial conditiouns x1(0)=l.2. x2(0)=0.0. x,(0)=0.0
and xu(O) = -1.,04935750983031990726 and the mass ratio as

1,0/82.45, the period of the orbit becomes

H

T

6.19216933131963970674. Although the state at T 1is equal to the
initial conditions, i.e., x(T) = x(0), there is no analytic solution in
the interval 0 < t < T, The reference solution for this problem was
generated by using ODE with an absolute error tolerance of 10-12 and a
2

-1
relative error tolerance of 10 . The reference orbit is shown 1in

Figure IV.2.5a.

Several computer runs were made in an attempt to determine
the optimum order for the fixed-mesh/fixed-order integrators. However,
to obtain maximum global errors of less than 1.0, the range of possible
stepsizes had to be restricted to less than 0,001, For a stepsize of
0.001, the multistep integrators require approximately 12,500 function

evaluations, while the most function evaluations required by any of the
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INTECRATION MLTHOD- k3N 7(8)

MAX1.4UM

NSTPR/  AVFRAGE END POINT GLOBAL MINIMUM MAX ™™
ABSERR RELERR NFE  NSTPA NSTPR NSTPT STEP SIZE CP - TIME OVHD ERROR ERROR STEP SIZE STEP SIZL
1.00£-02 1 00L-12 104 6 2 .25000 1.950E-01  0.00000 0.00000 *#* METHOD FAILED TO RFEACH FINAL TiXE
1.00E-04 |.00E-12 83} LY} 20 .31250 1.407L-01 .09500 .0795%0 21.439E-N1 6.729E+00 1.000£-03 4.9671-01
1.00E-06 1.00Z-12 989 b} 21 .27632 t.1262-01 11200 .09360 9.777E-0) 2.328£+00 !.000E-0) 4.098E-0!
1.00E-08 1.00E-12 1273 76 22 .22449 8.148E-02 L14300 .11927 2.3462-0% 1.786E-03 1.000E-03 2.4662-01
1.00E-i0 1.002-12 1692 11% 12 .09449 3.3842-02 .18270 .16126 $.8312E-06 &4.818E-0) 1.000E-03 !.6302-01
1.00E-11 1.00E-13 2003 149 9 03247 4.156K-02 L2200 18673 4.776E-08 4.4392-06 1.000E-03 1.0742-01

INTECRATION METHOD: 2KX.7)8

MAX IMUM
NSTPR/ AVERAGE END POINT  CLOBAL MININUM  MAXIMUM
ABSERR  RRLERR KL NSTPA NSTPR NSTPT STEF SIZE CP - TIMR OVND ERROR ERROR  STEP SIZE STEP S1IL
1.00E-02 1.00E-12 97 6 1 .14286 2.3012-0! 0.00000 0.00000 *** METHOD FAILED TO RZACM FINAL TIMZ
1.00t-04 1.002-12 768 A7 13 21667 1.317€-01 .06400 .0497] 2.80)E-0) 2.078E+00 1.000E-0) 8.01)Z-0!
|.00e-06 1.00E-12 118% 68 25 .26882 9.106L-02 .08800 .06%9% 3.1112-0% 2.983E-02 1.000E-0) $.8%3E-01
1.00E-08 1.00E-12 1909 108 42 .28000 5.731£-02 .14400 .10848 1.389£-07 9.900£-05 1.000£-03 3.5322-01
1.00E-10 1 00E-12 3098 177 6} .26250 ).498E-02 .23600 .17909 $.3)0E-10 6.7302-07 7.610E-04 1.9752-01
1.00E-11 1.00E-1) 7 2 76 .264756 2.681CL 02 .29700 222611 6.9198-12 2.3932-07 5.704E-04 1.4782-01
INTECRATION METHOD: ODR
MAX IMUN
NSTPR/  AVERAGE END POINT CLOBAL  MINIMUM  MAXIWUM
ABSERR  rrieRR NFE NSTPA NSTPR NSTPT STEP SIZE CP - TIME OvHD ERROR ERROR  STEP SIZE STEP SIZE
1.002-02 !.00E-12 Jab 113} 0 .00000 }.%462-02 08650 .08006 |.760L+00 6.394E+00 1.073E-U) 2.748L-01
1.00E-04 |.00E-12 Ste 246 0 .00000 2.5172-02 .1%200 <16260 6.421E-0) 3.3328+00 5.634E-04 |.w42E-01
1.00E-06 1.00E-12 Ala )98 0 .00000 1.5%6E-02 .26200 .2268% 5.4172-0% 3.726K-02 1.7182-04 |.6828-01
1.00L-08 1.00E-12 1147 %81 0 .00000 1.104E-02 .31900 LI577% 6.4352-07 $.497E-04 1.7182-05 7.477L-02
1.00L-10 1.00L-12 1671 826 0 .00000 7.497C-C) .34200 -51090 8.316E-09% 7.607L-06 1.7181-06 7.06AL-02
1.00£-11 1.00E-13 193y 9&2 0 .00000 6.4)7L-0) .61200 -97592 3.040L-10 1.151E-06 5.431L-07 5.217E-02
INTECRATION METHOD: ZROCMN2
MAX 1™
NSTPR/ AVERAGE END POINT GLOBAL MINIMUR  MAXIMUM
ABSER ‘LERR NFE  NSTPA NSTPR NSTPT STEP S... CP - TIME ovap ERROR ERROR  STPP SI1ZL STEP S1IE
i.00E-02 1.00e-12 A% I ¢ .00000 2.7772-02 .14300 .13aS1 3.8821-02 4.3822+400 1.0GOE-0) 2.560%-01
1.00L-04 1.00CL-12 700 Ja8 0 .00000 §.7702-02 .22200 .20897 1.370€-04 2.498E-01 5.000E-04 |.2808 )
1.008-06 1.00E-12 105 I%2 0 .00000 t.1222-02 .¥%00 233844 5.165€-06 4.9)12-0) 2.500E-04 6.400E-02
1.00E-08 | 00E-)2 1496 %) 0 .00000 3.22)K-0) .30300 47716 2.499E-08 1.167E€-0% 6.250E-0% 6.4002-02
1.002-10 1.00E-13 1986 92 0 .00000 6.2422-0) .66600 .C2904 6.3032-10 4.5128-07 3.906E-06 ¢.400K-02
1.00€-11 1.00L-13 2350 119} 0 .0000v $.199£-0) .78400 74027 A.7BAE-11 2.619L-07 1.931K-06 3,2008-02
INTECRATION METHOD EROGH]
MAX [
NSTPR/ AVERAGE END POINT  GLOBAL  MININUM  MAXIMUM
ABSERR  RZLIRR RFE  NSTPA NSTPR NSTPT STEP SIZL CP - TIMR ovep ERROR ERROR  STEP S1ZK STRP SI28
1.002-02 1.00L-12 437 216 0 .00009 2.0942-02 .16600 13787 1.6372-02 4.2238¢00 1.0002-0) 2.5608-01
1.008-04 1.00R-12 (1 1) 1Y) 0 .00000 |.7842-02 . 24900 . +0L 2.850K-04 4.B03K-02 3.000L-04 1.2808-01
1.002-06 1.00E-12 1093 46 0 .00000 |.1342-02 .)9800 220766 4.217K-06 6.6135-0) 2.3500L-04 6.4008-02
1.002-08 1.00K-12 150 1% 0 .00000 §.2%62-0) .93000 232203 4.2)5E-08 2.416E-0% 6.2%0E-0% 6.4008-02
1.008-10 1.00E-12 2004 100) 0 .00000 ¢.1862-0) .14500 L0771 §.700R-10 2.2792-07 ).304K-06 6.4008-02
1.00E-11 1.00E-13 2431 1220 0 .00000 %.9762-0) .90700 L86176 1.2450-11 2.4522-07 1.953L-06 ).1008-02

Tavle IV.1.5

COMPAR Summary cf Statistics for the
Restricted ProlLlem [ Three Bodies
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variable-step integrators was 3032 and, in general, 1less than 2000,
Since the performances of the fixed-mesh/7ixed-order integrators are
inferior to the variable-step integrators for this problem, the effi-
ciency curves of the fixed-mesh/fixed-order integrators are not
presented. Figures IV.1.5b through IV.1.5e show the eff.ciency curve
for ODE, PFK(7)8, RKN7(8), KROGH1 and KROGH2 for an integration of one
period. The results of the variable-step integrators are summarized in

Table IV.1.5.

IV.1.6 Comments on the COMPAR Resilts

In general, the etiliciency curves indicating the maximum glo-
bal errors for ODE, KROGH:/ and KROGH2 increas~ dramatically for the
more strict absolute and relative error tolerances. The maximum global
error for high tolerances occurs within the first few ateps in the
integration by ODE, KROGH1 or KROGHZ2, i.e., during ihe Dbootstrapping
starting procedure of these integrators when the order of the integra-

tion formulas is being increased.

Tre maximum st_psizes listed in Tables IV.1.1 through IV, 1,4
for the fixed-mesh multistep integrators result from the procedure COM-
PAR used t~ cialculate the maximum stepsize and the starting algorithm
used by the fixed-mesh integra2tor. As a result, the maximum stepsize
licted for the fixed-mesh integrators {s tne difference in the value of
the indapencent variable at the initial conditions and at the last node

point in the starting procedur~,
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IV.2 Comparison of Integration Errors for a Typical Satellite Problem

The major focus of this report is the evaluation of the
fixed-mesh/fixed-order multistep integrators for solving the satellite
problem. The evaluation is carried out by comparing the results of the
fixed-step integrators with the results of the variable-step integra-
- .S for two different force models: a two-body model and an eleventh
degree and order geopotential model. The comparisons are carried out
for an integration interval ¢f 30 days. In order to reduce the number
of parameters that could be varied during the evaluation, only one set
of initial conditions was examined. This set of initial conditions
corresponds to the Lageos satellite. The initial conditions in rec-

tangular coordinates are

x = =-9123000.0 m x = 2708.0 m/sec
y = -1894000.0 m y = 3145.0 m/sec
z = -7822000.0 m z = -3930.0 m/sec

and the osculating set of Keplerian orbital elements are

1.226538 x 10! m Q@

a s = ,5092370 radians
e = ,003530571 w= -1,659311 racians
i = 1.918821 radians M = 5.,553645 radians

The comparisons for each force model are carried out in rec-

tangular coordinates, orbital elements and radial-transverse-normal

AT o
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(RTN) coordinates relative to the reference orbits, The errors are
computed by subtracting the integrated solution from the reference

solution.

The RTN ccordinates are defined relative to the position and
velocity vectors of the reference orbit. The radial unit vector .s
defined to be in the direction of the positon vector. The normal unit
vector is both parallel to and in the direction of the angular momentum
vector. The transverse unit vector is defined to be orthogonal to the
normal and radial wunit vectors in the approximate direction of the

velocity vector.

An example of a set of comparison plots are shown in Figures
Iv.2.0a through 1IV.2.0r, The differences illustrated in Figures
IV.2.0a through 2.0r are the differences of integrating a spherical
eleventh degree and order model with KSGFS using a stepsize of 300
seconds and an order of 14 and integrating the same model with a
double-precision RK(7)8 using absolute and relative error tolerances of
10'18. To compare the six components of each of the three coordinate
systems would be cumbersome and probably ambiguous. Since it has been
noted that a major portion of the integration error is re.lected in the

transverse error, the transverse error results were chosen as the basis

for the comparisons.
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Position Coordinates
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IV.2.1 Two-Body Force Model

The reference orbit for the two-body model was generated by
using the analytical solution of the two-body problem using orbital
elements. The Keplerian elements a, e, 1, ? and w are constant for
the two-body, point-mass problem. The mean anomaly, M , was calculated
from the equation M = Ho + nt where n 1is the mean motion and Ho is

the value of the mean anomaly at t = O,

The first-order ordinary differential equations for this

problem were

9y My o w
gt = X=X at - "/ T - 3X

r r
jr SOV dxs My
at -V =X at = T3 r3’
dx, ) ; . dx6 . ux3 L,
dt 6 dt r3 r3

ux
X, @ = —— =T = —
1 r3 r3
. e ux
ng-_3?.=_.ul3
r r
';3=_f."_3,_u_z
3773
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A plot of the transverse errors of the variable-step integra-
tors ODE, RK(7)8, RKN7(8), KROGH1 and KROGH2 are shown in Figure

IV.2.%a. An absolute error tolerance of 10.10 and a relative error

tolerance of 10°'% was used for ODE, RK(7)8 and RKN7(8), and for
KROGH2, an absolute error tolerance of 10-9 and relative error toler-
ance of 10"]1 was used. It should be noted that, using the most
stringent tolerances allowed, the traunsverse error for KROGH1 is
approximately two orders of magnitude larger than the results from any
of the other variable-step integrators. using the most stringent

tolerances allowed by KROGH1.

To determine the behavior of the transverse error from the
fixed-step 1integrators, they were applied with a variety of stepsizes
and orders to integrate this problem. Table IV.2.1 i= a summary of the
results and 1lists the maximum transverse error encountered for each
integrator for each combination of order and stepsize. Figure 1IV.2.1b
shows the transverse error curves of ABFS for an integration order of 9
and stepsizes of 50.0, 75.0, 100,0 and 150.0 seconds, while Figure
IV.2.1c shows the transverse error curves of KSGFS for an integration

order of 13 and stepsizes of 100.0, 200.0 and 250.0 seconds.

Iv.2.2 Spherical Eleventh Degree and Order Force Model

This force model does not have an analytical suvlution and {s

characterized by the first-order ordinary differential equations
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the two body force model with an analytic
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ABFS
STEPSIZE/ORDER

50 sec
100 sec
150 sec
200 sec

KSG
STEPSIZE/ORDER

100 sec
200 sec
300 sec
400 sec

SSFSFE
STEPS1ZE/GRDER

100 sec
200 sec
300 sec
400 sec

SSFSBD
STEPSIZE/ORDER

100 sec

_ , 200 sec
. 300 sec

‘ 400 sec

Table 1V.2.1

Maximum Transverse Errors (m)
Two Body Force Model

“hirty Day Integration Interval

- .221
-16.90
- 642,
-8449.

11

- .038
- .004
7.7%
260,

11

- .053
- 062
- .319
- 8.83

11

- .064
- 062
- .088
- 3.01

-.097
4.20
159.

2035.

12

-.041
-.057
-.307
11.59

12

-.035
-.045
-.077
-2.80

12

~-.046
-.046
-.036
-.206

-.034
-.005

3.65
85.91

13

-.037
-.055
-.224
-7.64

13

-.041
-.050
-.030

.094

10

- .048
- .048
- .767
-16.08

14

- .059
- .043
- .052
- 1.55

14

- .024
- .050
- .051

.104

14

- 00‘7
- -062
© u066
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Comparison of transverse errors from solving
the Two Body force model with ABFS (order = 9)
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dx1 . . ux

—a"{':XL‘:" xu:" 3*81
r

dx2 . . X

at S % =Y BETT3 YR

dx3 . . Ux

at S % < ? 6T~ 3 "8

or the second-order ordinary differential equations

2
oM,
dt2 r3 !
2
T
dt2 r3 2
d2x Ux

3 _ 3

238
dt r

where r2 = xf + xg + x§ and 80 8 and g3 are components of which

is the acceleration vector, E » due to a nonspherical earth. The
reference orbit for this model was generated by using a double-

precision version of RK(7)8 with an absolute error tolerance of 10-18

and a relative error tolerance of 10-18. There were 927,317 function
evecluations made during the generation of the reference orbit for an
orbital arc of 2,700,000 seconds. To verify that the tolerances used
in generating the reference orbit were not too strict, the reference
orbit was compared to another integration by the double-precision
RK(7)8 ihat used an absolute error tolerance of 10”5 and a relative

tolerance of 10—15. This second integration required 376,897 function

. ¢ h wie e

JEp ™
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evaluations to integrate an orbital arc of 2,500,000 seconds. The com-
parison of these two trajectories was dore in orb.tal elements and RIN
components which are shown in Figures IV.2.2a through IV.2.21. The
differencing of these two comparison trajectories was done in single-
precision, and Figures 4,2.2a through 4.2.2f indicate differences in
the two orbits at the level of the roundoff error of the computer,
except for a small secular difference in the mean anomaly. The differ-
ences in the two orbits are magnified when the radial, transverse and
normal differences are examined. Despite the growth of the transverse
position difference between the orbits, the difference is still rela-
tively small. Thus, from an accuracy and roundoff error point of view,

restricting the tolerances to 10—18 is not inappropriate.

The fixed-step integrators ABFS, KSGFS, SSFSBD and SSFSFE use
the PECE algorithm as described in Chapters II and III. It has been
noted that if the value of the state does not change significantly from
the predicted value to the corrected value, then the value of the per-
turbing function, E , may vary only slightly from the prediction step
to the correction step. The calculation of E generally requires many
more arithmetic operations than the two-body terms. The calculation of
E for each calculation of the two-body terms is referred to as a "full
evaluation." However, if E does not change significantly between the
prediction step and correction step, then E need only be calculated
during the prediction step. The calculation of E only once per

integration step is referred to as a "partial evaluation.”

L s W VR
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Figure IV.2.2m is a plot of the transverse errors of the
variable-step integrators, ODE, RK(7)8, RKN7(8), KROGH1 and KROGH2.

The tolerances used for each integrator were

INTEGRATOR  ABSOLUTE ERROR TOL:RANCE  RELATIVE ERROR TOLERANCE

ODE 10”10 10712
KROGH 1 1077 1079
KROGH2 1079 10~
RK(7)8 10-10 10712
RKN7(8) 10”10 10712

As in Section IV.2.1, the fixed-step integrators were used
with a variety of stepsizes and orders to integrate this problem.
Tables IV.2.2A and IV.2.2B are the summaries of the results of each
integrator for each pair of order and stepsize. Table IV.2.2A are the
results when full evaluations are made, and 1IV.2.2B are the results

when partial evaluations are made.

To illustrate the behavior of the transverse errcr for each
of the fixed-step integrators, Figures IV.2.2n through IV.2.2q are the
plots of the transverse errors for ABFS, KSGFS, SSFSBD and SSFSFE with
integration orders of 9, 13, 13 and 12, respectively, with a variety of

stepsizes and with full evaluations of §g .
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Table 1IV.2.2A

Maximum Trapnsverse Trror (m)
Spherical Eleventh Degree and Order Gecopotential
Thirty Day Integration Interval
Full Evaluation of Accelerations

ABFS
STEPSIZE/ORDER 7 8 9 10
50 sec ~ .032 -.092 -.026 -.N39
100 sec - 16.9 4,17 -.019 -.053
150 sec - 639, 158. 3.60 -.750
200 sec ~-8421. 2026. 85.0 -15.7
KSG
STEPSIZE/ORDER 11 12 13 14
200 sec - .019 -.019 -.016 -.031
300 sec 5.66 .170 2.60 -.683
400 sec 231, -9.85 14.9 31.3
SSFSFE
STEPSIZE/ORDER 11 12 13 14
100 sec - .052 -.053 -.046 -.040
200 sec - .045 -.039 -.035 -.054
300 sec - .191 .104 .032 -.097
400 sec - 6.51 1.72 3.3 -2.77
SSFSBD
¢ {EPSIZE/ORDER 11 12 13 14
100 sec - 044 -.C4%0 -.055 -.039
200 sec - 90“2 -.060 ’-045 -0036
300 sec .053 .068 .009 .024

400 sec - .480 1.68 1.13 *
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ABFS

STEPSIZE/ORDER

50 sec
100 sec
150 sec
200 sec

KSG

STEPSIZE/ORDEK

100 sec
200 sec
300 sec
400 sec

SSFSFE

STEPSIZE/ORDER

100 sec
200 sec
300 sec
400 sec

SSFSBD

STEPSIZE/ORDER

100 sec
200 sec
300 sec
400 sec

Table IV.2,2

Mavimum Transverse Error (m)
Spherical Eleventh Degree and Order Geopotential

Thirty Day Integration Interval
Partial Evaluation of Accelerations

- .025
- 16.9
- 641,
-8431.

11

- .060
- .042
- .959
- 49.9

11

- .054
- .044
- .706
- 42.7

-.090
4.17
158.

2027,

12

-.058
-.038

.360
-13.7

12

-.046
-.043

.361
-4.34

12

-.056
-.043

.320
-4.01

-.035
-.004
3.65
85.9

13

-.025
-.019
2.74
23.7

13

-.040
-.041

.207
14.38

10

-.045
-.066
-.748
-15.7

-.031
-.043
-.707

35.0

14

-.045
-.047
-.140

2.05

14

"0039
".038
.014
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CHAPTER V

Conclusions

Results from COMPAR give an indication of the relative advan-
tages and disadvantages of the three groups of integrators: 1)
variable-step Runge-Kutta integrators RK(7)8 and RKNT7(8); 2) variable-
mesh/variable-order muitistep integrators ODE, KROGH1 and KROGHZ2; and

3) fixed-mesh/fixed-order multistep integrators ABFS, KSGFS, SSFSBD and

SSFSFE.

The harmonic oscillator problem of Section IV.1.1 and the
circular two-body problem of Section IV.1.2 have the same analytic
solution but have linear and nonlinear differential equations, respec-
tively. However, the relative performance of the three groups of
integrators is the same in each problem. The fixed-mesh multistep
integrators are the most efficient with respect to the number of func-
tion evaluations required and central processor time used. The
variable-mesh multistep integrators are competitive with the Runge-

Kutta integrators in central processor time used and are more efficient

than the number of function evaluations required.

The elliptic two-body problem of 3ection IV.1,3 illustrates
the major differences between the variable-mesh multistep integrators
and the single-step Runge Kutta integrators. The variable-mesh mul-

tistep integrators require fewer function evaluations than the

121
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variable~-step Runge-Kutta integrators to achieve a certain accuracy;
however, the variable-mesh multistep integrators require more central
processor time., Thus, the variable-mesh multistep integrators require
more overhead per function evaluation than the variable-step Runge-
Kutta integrators. 1If the function evaluations of a differential equa-
tion are reiatively inexpensive in central processor time, the Runge-
Kutta integrators would have a distinet advantage; whereas, if the
function evaluations are relatively expensive, the variable-mesh mul-
tistep integrators would have an advantage. The performance of the
fixed-mesh multistep integrators 1lie between the performances of the
other two groups of integrators. The fixed-mesh multistep integrators
reduce the overhead associated with the variable-mesh integrators while
still requiring fewer function evaluations than the variable-step

Runge~-Kutta integrators to achieve a certain accuracy.

The relative results of the three groups of integrators for
the Euler rigid-body problem of Section IV.1.4 are similar to the
results for the eccentric two-body problem. The varlable-step Runge~
Kutta integrators require the 1least amount of overhead per function
evaluation, while the variable-mesh multistep integrators require the
fewest number of function evaluations to achieve a certain accuracy.
Again, the fixed-mesh multistep integrators require less overhead per
step than the variable-mesh multistep integrators and fewer function
evaluations than the variable-step Runge-Kutta iqtegrators. A point of
interest with this problem 1is the relative performance of the Class

I/fixed-mesh multistep integrator ABFS with that of the Class
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II/fixed-mesh multistep methods. When the derivatives are a function
of the states Xq x2 and x3 only, ABFS performs mo.e efficiently. how-

ever, when the derivatives are a function of all six elements, the

Class II methods perform as efficiently as ABFS.

The performance of numerical integration algorithms to solve
the satellite problem depends on many parameters, e.g., the distance of
the satellite from the primary, the eccentricity of the satelliis
orbit, the intricacy of the model used to represent the primary. dow-
ever, by examining one scenario of the satellite problem, the charac-

teristics of the fixed-mesh multistep integrators may be illustrated.

Figures IV.2.1a and IV.2.2m are comparisons of the transverse
errors for the variable-step and variable-mesh integrators. Table V.1
is a summary of the approximate number of function evaluations required
by each integrator. Figures 1IV.2.1a and IV.2.2m show that ODE and
KROGH2 are more accurate than RK(7)8 and RKN7(8), while Table V.1 shows
that ODE and KROGH2 also required significantly fewer function evalua-

tions.

Tables IV,2.1, IV.2.2A and 1IV.2,2B give the max imum
transverse errcrs of the fixed-mesh multistep integrators for a variety
of stepsizes and orders. These tables point out the characteristics of
the formulations. First, it is noted that for stepsize less than 300
seconds, the use of "partial evaluations" of the derivatives dpes not
significantly alter the transverse errors. The second point {s that

the Class II formulations allow larger stepsizes than the Class I



Table V.1

Approximate Number of Function Evaluations

Required by Fach Integrator for an Integration Interval

INTEGRATOR:

RK(7)8
RKN7 (8)
ODE
KROGH2
KROGH1

of Thirtv Days*

TWO BODY MODEL

168,000
270,000
44,800
32,500
30,300

ELEVENTH DEGREE

AND ORDER MODEL
168,000
271,000
53,900
58,900
32,800

FIXED MESH MULTISTEP INTEGRATORS WITH STEPSIZES OF:

75 sec
100 sec
125 sec
200 sec
250 sec
300 sec

69,000
52,000
41,600
26,000
20, 900
17,400

69,000
52,000
41,600
26,000
20,900
17,400

*
The tolerances used by the variable step integrators are given
in Sections IV.2.1 and 1V.2.2,
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formulation to acrhieve comparable accuracies. Finally, except for one
combination of stepsize and order, there is no appreciable difference
between the second-sum formulation using back differences and the

second-sum formulation using function evaluations.

The results of Section IV,2 1illustrate the advantages of
fixed-m~sh multistep integrators for solving the satellite problem.
The fixed-mesh multistep integrators are capable of being as accurate
as the variable-mesh multistep integrators while requiring fewer func-
tion evaluations than the variable-mesh integrators. As noted above,
the variable-mesh multistep integrators are more efficient than the
variable~-step Runge-Kutta integrators for solving the satellite prob-

lem.

The results of Section IV.1 illustrate that the fixed-mesh
multistep methods require less computer time overhead than the
variable-mesh integrators. By coupling the results of Sections 1IV,1
and IV.2, the fixed-mesh multistep integrators are shown to be an

attractive tool for use in the satellite problem.



APPENDIX A

COEFFICIENTS FOR THE GENELAL FORMULATION

Equations (2.7) and (2.8) are the general formulation basic
equations and are used to approximate the state at tn+r given the state
and back differences at tn . The coefficients, o and g, to be

used in (2.7) and (2.8) are determined by the following algorithm:*

1. Define h, = t -t
I n+r
n oI
s h

where h 1is the integration stepsize

2, Calculate the matrix of coefficients gk+q + Where
for k =1 [4 =1
B l.a q
> = -
for k> B,q © TkBk-1,q ~ "kBk-1,qe1

where k = 1,...,1i+1

[o
1]

= number of coefficients required in (2.7) and (2.8)

wk = h + ns -2

*This fixed-mesh coefficient algorithm is determined from t' e variable-
mesh coefficient algorithm given by Shampine and Gordon (1975).
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The coefficients in (II.7) and (II1.8) are given by

Xt

1
k s
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APPENDIX B

COEFFICIENTS FOR THE SECOND-SUM FORMULATION

Equations (2.2U4) and (2.25) are the second-sum formulation
basic equations and are used to approximate the state at tn+s given
the first and second sums and back differences at tn . The coeffi-

cients, a and b, to be used in (2.24) and (2.25) are determined

from the following recursive relationships:*

J
b = 2 Y J=t, .1
=18 7 %0 Tk Tikas

J m
a = Y.y J=2, 000, il
j-2,s k=0 k "j-k,s

where 1 1is the number of coefficients required in (2.24) and (2.25)

and

Y k; ! Y' 7' 1
k q=0 k-q+1 g 0
Y, ; Yy
s+m-1
ym.s == ym-1.s for m> 0

*This is the algorithm for the second sum of coefficients as presented
by Spier (1971).
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where

h

is the integration stepsize.
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APPENDIX C

MODIFIED, GENERAL FORMULATION, PECE ALGORITHM

(1

Assuming the state (yn. yn+1) and the 1 back differences of

the function f‘(tOYDy(1)

) are known at tn ., then the modified, general
formulation, PECE algorithm that is used to advance the solution from

tn to tn+1 is given by:

1. Predict (y.y(1)) at tn+1 using an ith order formula
= + hyl" o p2 ; a W
Pne1r © Y0 * Wp jop n
(1 (N . -1
Pret = ¥y ¢ h § BJ.1 Y fa

2. Evaluate the function f with the predicted solution

(@D

(pn¢1’ pnn)
P (1)
f.n-ol - f.(t'nﬂ' Phet’ pn+1)

3. Form the modified back differences
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yn+1

y(1)
n+1

4, Correct the

solution using an (i+1) order formula

h2a, 4¢P

pn+1 * is1,1 v n+1

D o ns v P

pn+1 1+1,1 n+1

5. Evaluate the function with the corrected solution

fn+1

6. Advance the back differences from tn to t

= 00t 10 Yperr Y

n+l

n+1

=d +d s q=1,...,1
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APPENDIX D
MODIFIED, SECOND-SUM FORMULATION, PECE ALGORITHM
( =2 -1

Assuming the second and first sums ( fn' fn)

and the

(
i back differences of the function f(t.y.y‘1)) are known at tn .

then the modified, second-sum formulation, PECE algorithm that is used

to advance the solution from tn tc tn+1 is given by:

1. Prediet (y, y(1)) at tn+1 using an ith order formula
= n2v7ls ; v1e g
Pret © n* a5.1,1 n
3=
(1) -1 ! 31
net - h{V f‘n * J§1 bj-1.1 ' f‘n]

2. Evaluate the function f with the predicted

(1))

(pn¢1' pn+1

p - (1)
fret ® Tt g0 Poyie Pryy?

3. Form the modified back differences

{
d, = 2 VJ-1fn s ksl,...,t
j=k

132

solution



R 3

“arrect the solution using an (i+1) order formula

. 2 1 .p
Ynel = Ppar t h ai,1 ' fm-‘l
(1 (D 4p
nel = Pnat * N0y VI

Evaluate the function with the corrected solution

(1)

n+1

fn+1 = f(tﬂ*1' yn_’1' y )

Advance the tack differences from tn to t1’1

nel q 0 H q=1,...,1

Advance ihe first and second sums from tn to tn+1

<
o}
]

V-1f + f
n n+1

Pl
o]
[

V2 .t
n

n+
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APPENDIX E

STARTING ALGORITHM FOR THE GENERAL FORMULATION

The purpose of a starting procedure for a multistep integra-

tor 1is to use the initial conditions (tm. Yoo y(1)) and the function

m
(1)

f(t, vy, ¥ ) to approximate the values of f at 1 nodes where i

is the order of the integration formula. The Class II/fixed-mesh gen-
eral formulation starting algorithm presented here is an iterative pro-

cedure where the i nodes are at t k=n , n-1,...,n-i+1

K * , t is

m
ta” tn
between t and t . and t is such that — > 0, and
n n-i+1 n h

n, n-i+1 > 0 ., The algcrithm can be summarized as follows:

. _ (1)
1, Evaluate f at tm : fm = f(tm. Yo' Ym )

2. Use a Taylor series expansion to obtain the first approximation of
1
y

and f at the nodes, e.g.,

cr
1n

K tm + (k-m)h

1) 2 2
Y = Vg * (k-m)hy; + (k-m) h fm
y£1) = y;1) + (k-m)hfm k=n, n-1,,...,n=-1i+1
(1)
- £t
fk - f\tk' yk' yk )

where h 1is the integration stepsize.
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Form the back differences of f at tn to obtain
g1 . s . - (1)
V fn v j=1,...,1 and form the vector zp = (yn. Y, )
Approximate the solution and evaluate f at the nodes by using
the following interpolation formulas:
(M 2 1 o J-1
Vi 2V * (k-—m)hym + h jf1 aj,k-m v fn (E.1)
(0 ; B, vd=le (E.2)
Y *¥n j, k-m n :
j=1
(1) .
fk z f(tk. Yier Yy ) k=n,...,n=-i+1
where
a' = (k—n)2 a - (m—n)2 a + (m-n)(m-k) B
J'k-m - jvk"n jom-n jom-n
L
Bj.k—m = (k-n) Bj.k-n + (n-m) Bj.m—n
and the coefficients aj K and Bj K are discussed in Appendix
A.

Compute the norm of the relative difference between

(1

consecutive

values of (yn. Yo )
z (§) - 2(J
N (_B_L.__J._>2
j;I D(J)

where 2z 1is the vector of the most recent values of (yn. yi1))

zp is the vector of the previous values of (y“. y;1>)
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D(

t

zp(j) otherwise
and q 1is the number of elements in z_ .

Finally, if u 1is not less than some desired tolerance, then the
iterative procedure is continued by repeating Steps 3, 4 and 5;

if u 1is less than the desired tolerance, then the iterative pro-
cedure is complete and the solution at tn is computed by setting

k=n in (E.1) and (E.Z).

It should be noted that this algorithm may be used for
any set of nodes relative to tm . However, the interpolation
formulas which are used to derive (E.!) and (E.2) are generally
only valid for (t -t )(t -t ) >0 . In the multistep

n m m n-i+1" -~
integration packages KSGFS and ABFS, tn is chosen so that tm
is approximately midway between tn and tn-i+1 . Also, the con-

vergence criterion discussed in Step 5 may be replaced by any

other appropriate criterion,
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APPENDIX F

STARTING ALGORITHM FOR THE SECOND-SUM FORMULATION

The purpose of a starting procedure for a multistep integra-
(1)

tor 1is to use the initial zonditions (tm. ym. ym

f(t, v, y(1)) to approximate the values of f at the 1 nodes where

) and the fun:tion

i is the order of the integration formula. The Class II/fixed-
mesh/second-sum formulation starting algorithm presented here 1is an
iterative procedure where the i nodes are at

>0 . The

tyr k=1, n-1,...,n-i+1 , tm is between tn and tn-1+1 =

algorithm is summarized as fol!lows:

(1))

1. Evaluate f at tm : fm = f(tm, ym. ym

2. Use a Taylor series expansion to obtain the first approvimation of

1
y( ) , and f at the nodes, e.g.,

tk = tm + (k=m)h
_ (V) 2.2
Y = Vg + (k-mdhy "7+ (k-m)"h7f
(v _ ()
Kk ¥y ot (k-m)hfm
f = f(t y y(1)) kzn, n-1 n-i+1
k k! k' k 1 § 80 0y

where h 1is tha integration stepsize.
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Form the back differences of f at t to obtain

n
(1))

n

yI-1¢

n j=1,...,i and form the vector zp =z (yn. y

Approximate the solution and evaluate f at the nodes by using

the following interpolation formulas:

i,

_ ) o) 2 -1
Vi = Yp * (k—m)hym +h J§1 aj-1.k—m Y fn (F.1)
(M .y ; b vi-le (F.2)
Y¢  * Yn j=1 j=1,k-m n .
_ (M . . .
fk = r(tko yk. Yk ) 4 k—n....,n—1+1
where
]
3 4 kem = 2=t ken ~ 23=1,m-n = KTP4q pon

bj-1.k-m : bj-1.k-—n - bj-1.m-n

and the coefficients aJ K and bJ K are discussed in Appendix

BI

Compute the norm of the relative difference between consecutive

(1)

values of (yn. Yn )

> q z (3) - z(J) >
uw = 3 _B__B_______
J=1 (J)

whore 2z is the vector of the most recent values of (yn. yii)

1
zp i{s the vector of the previous values of (yn. Y; )

) .
)



1 if (i) = 0
(11

L D(j) =

zp(j) otherwise
and q 1is the number of elements in zp .

6. Finally, if u 1is not less than some desired tolerance, then the
iterative procedure is continued by repeating Steps 3, 4 and 5;
if u 1is less than the desired tolerance, the iterative procedure

is complete and the first and second sums are computed at tn by

1
y( )

-1 m L j=-1
v fn s n - .E bj-—1.m-n s
j=1
y i
2 m -1 J-1
Y =z — - (m-n-1) V .
fn h2 (m-n-1) fn * ng aj-1,m-n f‘n

It should pe noted that this algorithm may be used for any
set of nodes relative to tm . However, the interpolation formulas
which are used to derive (F.1) and (F.2) are generally only valid for
(tn - tm)(tm - tn-i+1) >0. In th2 multistep integration packages
SSFSBD and SSFSFE, tn is chosen so that tm is about midway between

tn and tn-i+1 . Also, the convergence criterion in Step 5 may be

replaced by any other appropriate criterion.
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